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PaccmarpuBaercs 3asada MPOTrHO3WUPOBAHUS BPEMEHHBIX PSIOB IIPU HECUMMETPUIHBIX
dyHKIUAX morepb. IIpemiaraercs aByxsTamnHblii ajroputM nporuosuposanns ARIMA + Hist.
Ha mepBoM 3Tare UCIHOJB3yeTcsi aBTOPErPECCHOHHOE WHTEIPUPOBAHHOE CKOJIB3SIINEE CpPeIHee
ARIMA c¢ ce3omHON KOMIOHEHTOH B CIydae HeoOXoauMocTh. IlapaMeTpbl MOJIe/ N OIONPAIOTCsT
coryacao meronosorun Bokca—/[xkenkumnca. Ha BTopoM aTarie mpoBouTCcsa aHaIN3 PErPeCcCUOH-
HBIX OCTATKOB M HAXOJIUTCS ONTUMAJbHAA JH00aBKa K IIPOTHO3Y, OJYyYECHHOMY HA IIEPBOM IIa-
re, MUHUMHU3UPYIOIIasd MaTeMaTUIECKOE OXKUJaHHE IIOTEPb. ﬂﬂﬂ OIIEHKU O2KHJAaCMBbIX IIOTEPb
UCIOJIB3YETCs CBePTKa (DYHKIMK TIOTEPh C TMCTOIPAMMON PErpPECCHOHHBIX OCTAaTKOB. Pabora
MIPEJIJIAraeMOT0 JIBYXITAITHOTO AJITOPUTMa HJLIFOCTPUPYETCsS] HAa BPEMEHHBIX psijlaX C pasJind-
HBIMH 9JIEMEHTAMU HECTAIMOHAPHOCTH (TPEHJI, CE30HHOCTD) U JJIsl PA3JINIHBIX CHMMETPHIHBIX
U HECUMMETPUYHBIX (DYHKIIN moTeph. leMoncTpupyeTcst, YTO KauecTBO MPOrHO30B JIBYXITAll-
HOI'O aJIrOPUTMAa, IIPEBOCXOIUT KadecTBO poruo3oB mojenn ARIMA B ciiydae HECHUMMETPUYHBIX
GYyHKIWMI T0TEPD.

KorroueBble cJioBa: npozHo3uposanue; 6pementbvie padvl; necmayuonaprocms;, ARIMA;
ceepmxra ¢ Gynryuets nomeps; HECUMMEMPUYHAA PYHKUUA NOMEPD

DOI: 10.21469/22233792.1.14.01

1 BBepeHue

PaccmaTpuBaercs 3aa4a MporHo3npoBaHus HECTAIIMOHAPHBIX BPEMEHHBIX PSJIOB B CJIydae
HECUMMETPUYHBIX (QyHKIUI morepb. [Ipemmaraercs JByXITAIHBI aJrOPUTM HTPOIHO3UPOBA-
uust ARIMA + Hist, Ha mepBoM 3Tame KOTOPOro OTCIEKUBAIOTCI CBOWCTBA BPEMEHHOTO psijia,
00yCJIOBJIMBAIOIINE €r0 HECTAIIMOHAPHOCTDb, TaKhe KaK TPEHJI W ce30HHOCThL. Ha BTOpOM 3Ta-
e IpeJiylaraeTcs HaXOIUTh TOIPABKY, 00ECIIEYMBAIONLYIO ONTUMAJILHOCTEL ITPOTHO3a B CJIydae
HECUMMETPUIHON (DYHKITUH ITOTEPD.

CBoiicTBa MPOTHO30B BPEMEHHBIX DPsAJIOB IMPU HUCIOIL30BAHUA HECUMMETPUIHBIX (OYHKIINT
noTepb ObLIN UCC/IeI0BaHbl B pabore 1], aBTOPbI KOTOPOIT OTMEYAIOT CMENEHHOCTD OTNTUMAJIb-
HBIX TTPOTHO30B MIPU HECUMMETPHUYHBIX MTOTEPSX U JIEJAIOT BBIBOJ O HEOOXOIMMOCTHU pa3padoOTKu
CHEIUATBHBIX METOJIOB IPOTHO3UPOBAHUA BPEMEHHBIX PAJIOB B YCJIOBUAX HECUMMETPUYHOCTH
dyHKIIIN TI0TEPD.

O/inH U3 UCIOJIB3YEeMBbIX METOJIOB IIPOrHO3UPOBAHUST HECTAIIMOHAPHBIX BPEMEHHBIX DsiJIOB,
ABTOPErPECCHOHHOE MHTErPUPOBAaHHOE CKOb3see cpearee ARIMA [2], mo3Bossier ¢ Xopormimm
Ka4ecTBOM IPOTHO3MPOBATH BPEMEHHEIE PAJbI ¢ TPEHJIOM, & TaKKe MPU HeDObIOoN Moandu-
Kallul U PAJbl C Ce30HHOU KommoHeHTo#. OJiHako HacTpoilka ImapamMeTpOB STOTO aJrOPUTMA
OCYIIECTBJIETCS IIyTeM MUHUMUBAINYA KBAJIPATUIHON (DyHKIINU TOTEPh, HO (DYHKIMSA MTOTEPD,
10 KOTOPO# IPOU3BOJUTCI OIEHKA KadecTBa ITPOTHO3a, MOYKET CYIIECTBEHHO OTIUYATHCA OT

*Pabora Bemmosnnena npu dunancosoit noaaepkke POOU, mpoekt Ne 14-07-31046.
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KBaIPATUIHON. DTO IPUBOJIUT K TOMY, UTO ONTUMAIBHBIN 1TporHO3 jitst Mogean ARIMA sass-
eTCs HECMEITIEHHBIM, & PErPECCUOHHDBIE OCTATKHU JIOJIZKHBI YJIOBJIETBOPATH YCJIOBUAM, OMUCAHHBIM
najee. Beuay Bbieckazanroro, mogaeab ARIMA #He moaxomnT i pereHns 3aadu IPOTHO-
3UPOBAHUSI B CJIyYae HECUMMETPUYHOM (DYHKIMU [OTEph, 4TO oTMedaercs B [1, 3].

Apropamu pabor [4, 5] 6butn npeioxkenst Mogudukamun mogean ARIMA | nossossionye
y9ecTb HEeCUMMETPUIHOCTH (DYHKIIUHU TOTEpPh MPU HACTPOiiKe mapameTpoB ajropurma. OjHa-
KO 00e TIpeJIJIOZKEeHHbIe MOJIM(PUKAIINN CJIOZKHBI B PEaJIM3allui, He MO3BOJIAIOT UCIOJIH30BATD
[TaKeThl JIJIs IIPOTHO3WPOBAHNS BPEMEHHBIX PSAJIOB, B KOTOPBIX €CTh CTAHAPTHBIC PEATH3aIlnN
ARIMA, u TpebyroT st KaxKj10ii (OYHKIIUN TOTEPh CO3/aHUs U OOYUEHU WHIUBULYATHHON
MOJIEJIN, YTO HENPUEMJIEMO B MPOMBINLIEHHBIX 3a/a9aX. Kine oHuM MeToIoM, Mpe/I0zKEHHBIM
J7Is1 pabOThI ¢ HECUMMETPUIHBIMI (DYHKIUSIMU [TOTEPb, SBJSETCsS KBAaHTUIbHAs perpeccust [6].
Ona 1Mo3BOJIIeT HAXOIUTH ONTUMAJIHHBIN CMENEeHHbIN TPOTHO3 /I HECUMMETPUIHBIX (DyHKITHT
oTeph KYCOYHO-JIMHEWHOTO BHUJIA, HO HE JIaeT BO3MOYXKHOCTU PAOOTATH € (PYHKIMIMU MOTEPDH
JIDYTUX BHUJOB, & TaKKe IPUMEHUMA TOJILKO JIJIsI CTAIIMOHAPHBIX BPEMEHHBIX DPsJIOB.

[Tpemmaraemsrii amropurm ARIMA + Hist ucnonbssyer pesysibrar u3 [7] o Tom, 9TO TIpH
HECHMMETPUYIHON (DYHKIMK OTEPh ONTUMAILHBIN IPOI'HO3 CMEIEH, TPUYIEM ero CMeIleHne 3a-
BHUCUT TOJIbKO OT (DYHKITUU IMOTEPb U JUCIEPCUN BPEMEHHOTO psijia. TakxKe MCIOIb3yeTcs Hjes
u3 craThu (8], Tae aBTOp Jyist HOCTPOEHHUS MTPOTHO3a UCIOJIb30BA ABTOPEIPECCHOHHYIO MOJIENb
¢ MUHUMU3AIUEH KBaJIpaTUIHON (PYHKIMU TOTEPDL JJIsd MOJyYEHUs HECMENIeHHOIO ITPOrHO3a
U aHAJIN3 PErPECCHOHHBIX OCTATKOB JIJIS OIEHKU ONTUMAJILHOTO CMEIICHUS ITPOrHO3A.

Asmropurm ARIMA + Hist crpout nporunos B jBa stama. Ha mepBom srarme mcmosib3yercs
mozerb ARIMA ¢ ce30HHOIT KOMIIOHEHTOI B C/Iydae HEOOXOIUMOCTH, ITapaMeTpbl KOTOPOIl IMOI-
GUpPAOTCst TIPH TOMOIIHM aHATM3a BPEMEHHOr0 Psijia 1o MeTogosorun Bokca—/Ixkenkunca [2|. Ha
9TOM 3Tare MOJIyIaeTCsl HeCMeIeHHbI Tporuo3. Ha BTopoMm srTare mpou3BOIUTCA aHAIN3 Pe-
rpeccnorHbIXx ocTtaTKoB Mojean ARIMA ¢ 1mebio oreHKr onTUMaIbHOTO CMEIIEHUs TPOrHO3a
JUTT MUHIMHU3AIIN MaTeMaTUIeCKOr0 OXKUJIaHus 10Teph. ONTuMaIbHOE CMEIeHIe HAXOUTCS
npu oMoty ajaropurMa Hist. @uHa bHbBI TPOrHO3 TOJIyYaeTCsd IIyTeM TpudaBIeHud K HecMe-
IIIEHHOMY IIPOTHO3Y, noJiydernnomy ¢ momornibio ARIMA | HaiijieHHO# TpU OMOIIN aJropuTMa
Hist nobaskn.

Auropurm Hist siBjisiercst o6061menneM ajroputMa KBaHTHILbHOT perpeccun [6]. On maxomur
NPUOJIMZKEHHOE pelTeHre 3aa9 MUHUMAZAINE MATEMATHIECKOT0 OXKIIAHUS TTOTEPh U UCTIOJIb-
3yeTcs TOJIBKO JIJIsl IPOIHO3UPOBAHUS CTAIMOHAPHBIX BPEMEHHBIX PSAJIOB. Takasd 3aj1a4ua MUHU-
MH3AIIN paccMaTpuBaiack B paborax [9,10], rime mMaremarmdeckoe OXKUJIAHHE ITOTEPH OBLIO
[IPEJICTaB/ICHO KaK CBEpTKa (PYHKIMHU TOTEPDh ¢ (DYHKIMEH MJIOTHOCTH pacIpeie/icHus 3Hade-
Huit BpeMeHHOro paga. Ha Bropom stame aaropurma ARIMA + Hist B kadgecrBe BpeMeHHOrO
Psia BBICTYIIAIOT PErPECCUOHHBIE OCTATKU, OJIHAKO UX IJIOTHOCTDH PACIpE/Ie/ICHIs HEeM3BECTHA.
B kavecTBe OIleHKN TJIOTHOCTU UCIOJIb3YeTCs TUCTOrPAMMa 3HAYEHUN PErPeCCHOHHBIX OCTATKOB,
Kak mpejiozkero B [11]. B amropurme Hist ncronbayercs psifi ynporeHuii 3a1a9m MAHIMI3a~
UK CBePTKU (DYHKIUU MOTEPh C OIEHKOW IJIOTHOCTH PaCIpEIe/IeHNs] PErPECCUOHHBIX OCTAT-
KOB, KOTOpbIE MPUBOJAT K 3ajade MPUOINKEHHOTO HAXOXKJIEHN MUHUMYMa IIyTeM Iepedbopa
KOHEYHOT'O YHCJIa 3HAYEHH, N3 KOTOPBIX BBIOMPAETCS TO, KOTOPOE 0DeCreunBaeT HANMeHbIIIee
3HaYEHNE CBEPTKHU.

OcnoBnoe npeumyniectBo ARIMA + Hist cocrout B ToM, 9TO He HAKJIAIBIBACTCS OTDAHU-
JeHuii Ha KJiacc (PYHKIUN OTEPb, KOTOPbIE MOXKHO UCIIOJIL30BATh B 33/1a4€ MPOTrHO3MPOBAHUA.

AnropuTM TecTUpyeTCcs HAa HADOPE BPEMEHHBIX PSJIOB, 00JIAIAIONINX PA3THIHBIMU IJIEMEH-
TaMU HECTAIIMOHAPHOCTU. KavyecTBO MOJIyUYeHHBIX MPOTHO30B CPABHUBAETCS C KAYEeCTBOM IIPO-
rao30B Mojen ARIMA npu ucnosib3oBannm pa3indHbix GpyHKIM morepsb. lemMoncTpupyercs,

Marmmnanoe oby4yenne u anaiu3 gaHapix, 2015. Tom 1, Ne14.
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4TOo YeM 60jiee HecCUMMETpUYHadA OyeT (bYHKIUS OTePh, TeM 0oJiee CYIEeCTBEHHBIN BhIUTPHIII
B Ka4ecTBe MOYKHO OyJIeT MOJIyIUTh IIPHU TOMOIIU AByx3dramHoro ajgropurma ARIMA + Hist mo
cpaaennio ¢ ARIMA.

2 3apada NpPOrHO3MpoBaHUA BPEMEHHbIX PSg0B

Jlannbie npejicTaBasaioT coboit Bpementoit pag x = {(z;)L, |z; € R}. Takxke 3amaercs
ropu3oHT mporHosupoBanus h. CraBurcs 3ajada TPOTHO3UPOBAHUS STOrO BPEMEHHOTO psijia,
T. €. HAXOXKJICHWsI PEIPECCHOHHO MO/

f(w,x,h)— x,

Ijle W — BEKTOp IapaMeTPOB; X — BEKTOD MPOTrHO30B JInHbI h. B nannoit pabore mporao3npo-
BaHUEe MPOU3BOJUTCA C TOPU30HTOM h = 1, IO9TOMY BEKTOD MPOTHO30B X SBJIAETCH CKAJIIPOM
1 0003HAYAETCS JTajiee KaK Tpq.

2.1 IIporHosmpoBaHHe CTALMOHAPHBIX BPEMEHHBIX PsI0B

Bpemennoit psijg X Ha3bIBAETCA CMAUUOHAPHBLM, €CTIU JIJT JIIOOBIX ¥ MHOTOMEPHOE pacipeie-
JIGHUE Ty, . .., Ty, HE 3aBUCUT OT ¢, T. €. €r0 CBOWCTBA He 3aBHUCAT OT BpeMenu. 3 orpeeenns
HEMEeJIJIEHHO CJIEJIyeT, 9YTO BCE 3HAUEHUS PsJia X1, . . . , L7 PEHEPUPYIOTCI U3 OJIHOTO PacIIpe/iesie-
Hust p(u), KoTopoe He MeHsiercst Bo Bpemenu. [lycrs 3amana dyuknus noreps £ (&, x) u Tpe-
OyeTcs TOJIYYUTh ITPOTHO3 Ty1 CJAEIYIONIETO 3HAYCHUS T7y1 BPEMEHHOTO PsJjia, MUHUMUBUPYS
oxKmaeMble rorepu. llpe/monaraercs, 94To caepayoliee 3Ha4eHue BPEMEHHOTO Psjia TeHEPUpPY-
€TCsl M3 TOTO YKe pacipejie/ieHus, YTo U Bece npeaprymie. [Ipu sTom 3a1a49a mporuo3npoBanms
3alUIIeTcs Kak

Tpy1 = argmin E 2 (¢, xr41).
ceR

Eciin npenonoKuTh, 9To MI0THOCTh pacipeiesieHus p(u), 13 KOTOPOro TeHEPUPYIOTCs 3HA-
9eHUd BPEMEHHOTO Psjia, U3BECTHA, MaTeMaTUIecKoe OXKUJaHue TTOTePh 3aITUIeTCs Kak

+o00
L(c) =EZL(c,xrs1) = / ZL(c,u) p(u) du.

B Takom ciydae 3aj1ada IporHo3upoBaHus (hOPMYyTHPYETCs: Kak

ceR ceR

+oo
ZTpy1 = argmin / Z(c,u) p(u) du = argmin L(c). (1)

2.2 HpOI‘HOBI/IpOBaHI/Ie HeCTallMOHAPHbIX BPpEMEHHbIX PAJ0B

B ciyuae, korja BpeMeHHOW psiJl HE SBJISETCH CTAIMOHAPHBIM, HEOOXOJUMO OIEHUTH U UC-
KJIIOYUTH U3 BPEMEHHOIO Psijia HECTAIIMOHAPHBIE OCOOEHHOCTH, MPEXKe YeM MUHUMU3UPOBATD
oxuaemble iorepn B 3a1a4e (1). Takum 06pazom, IPOrHo3 L7 HECTAIIMOHAPHOTO BPEMEHHOTO
pssia OyJieT CK/IaJIblBaThCs U3 JBYX YacTeii: IIPOrHo3 HeCTalMOHAPHON KOMIOHEHTBI 27, | U IPO-
I'HO3 CTAIlMOHAPHON KOMIIOHEHTBI 7

A __ a~ns ~S
Tri1 = Tpyy + Ty
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AJIropuTM IPOrHO3UPOBAHUS HECTAIIMOHAPHON KOMIIOHEHTHI BpEMEHHOI'O PSIIa JTOIKEH OBIThH
TaKUM, 9TOOBI PErPECCUOHHBIE OCTATKH IIPH IIPOrHO3€E JIOCTYIIHOMN JJIst 00yYeHUsT HCTOPUU X

r={(r))_|ri =z — 2"}

ObLIN CTAIMOHAPHBIM BPEMEHHBIM PSIJIOM, 3HAYEHUS KOTOPOI'O CreHEePUPOBAHBI U3 OJHOIO pac-
[PEJIeJIeHNs ¢ TUIOTHOCTBIO 7y ().

B kadectBe ajropmrtma MpoOrHO3MPOBAHUsT HECTAIMOHAPHON WaCTU Psijia MPEjIaraeTcs Nc-
nostb3oBarh ARIMA. [lyist onTuMuzanum mapaMerpoB 3TOT aJrOPUTM HCIOJIb3yeT KBaIPATHI-
Hy1o QYHKIMIO HoTeps Ly (T, x) = (T — x)2, 110 KOTOPOIi cTpouTcs (PYHKIIMOHAJ [TOTEPD:

T
Q(f™,x) = %Z%q(fns(wjxu D), @ip1); x5 =A{a1-ai) (2)
i=1

Torpa perierne 3a1a4n MUHUME3AIMU (2) JaeT BEKTOD MapaMeTpoB UCKOMON PerpecCHuOHHOMN
MO/IEJIN:

w* = arg min Q(f", x).
weR?

HpI/I 9TOM IIPOT'HO3 BbBIMUCJIACTCHA CJIETYIOIUM o6pa30M:
~ns  __ rns *
xT—i—l - f (W » X, 1)

o £ $Ns
ITocie mosy4yenust Iporuo3a HecTalMOHaPHON KOMIIOHEHThI BpeMEHHOI0 psjla 7, | IPOrHO3
o ~S
CTAIlMOHAPHON KOMIOHEHTBI X, | MOKET OBITh TOJIy9eH IIPU HOMOIIU ONEHKH IJIOTHOCTH Pac-
npejiesieHnst (1) PEerpecCHOHHBIX OCTATKOB I' U PEIeHUs Jist 9TOi IJIOTHOCTH 3a/1a91 MUHH-
MU3AIMN OXKHUJIAeMBIX 11oTeph (1).

3 [lporHo3npoBaHue HecTauunoHapHom KOMMOHEHTbI. ARIMA.

MeTtogonoruns bokca—/[l>xeHkunHca

B nmammom pazjesne onumchIBaeTcs MOJIETb aBTOPEIPECCUOHHOIO WHTETPUPOBAHHOIO CKOJIb-
zsriero cpeanero ARIMA u meromoniorus Bokca—/[xkeHkuHca mpOrHO3UpOBaHUST BPEMEHHBIX
psiios. [Ipunsro samuceiBars Mozenb B Buge ARIMA(p, d, q), tae p,d,q € Z, — cTpyKTypHBIE
napaMeTpbl, XapaKTepHU3yIOIue MOPSIO0K I COOTBETCTBYIOIINX YaCTel MOJIEN — aBTOPErpec-
CHOHHOI, MHTErpUPOBAHHON 1 cKoJb3dIero cpeguero. ARIMA ¢ mojxoasmuvu napamMerpamMu
JUTS KayKJIOTO BPEMEHHOTO psjia MpejIaraeTcs UCIOIb30BaTh JJIs MOJyYeHns] TPOTrHO3a, HeCTa-
IMOHAPHON KOMIOHEHTHI 27, ;. AHaIN3 TOrO, HACKOJIBLKO XOPOIIO BhIOpaHHas MOJE/b AIIIPOK-
CUMHUPYET BPEMEHHOU PsJI, 110 MeTojosiorun bokca—/[xkeHkumca, BKIIOYAET MMPOBEPKY perpec-
CHOHHBIX OCTATKOB Ha HECMEINIEHHOCTh, CTAIIMOHAPHOCTD ¥ HEABTOKOPPEJINPOBAHHOCTDL. Moesb
CUUTAETCH TOJXOMAIIEN JIJIsT AlIIPOKCUMAIINA BPEMEHHOIO psjia, €CJIU BCe 9TH CBOWCTBA BbI-
HOJIHSIOTCST JIJIsI Psijia. PErPECCUOHHBIX OCTATKOB, Kak 910 onucano B [12]. Takum obpaszom, npu
BBIOOpe moaxongmieir Mogean ARIMA 1js1 nmporHo3mpoBaHMs HECTAIMOHAPHON KOMIIOHEHTEI
BPEMEHHOTO Psijia TOJIyIaeTCsl CTAIMOHAPHBIN PsiJil PErPECCUOHHBIX OCTATKOB, KOTOPBI MOYKHO
UCIIOJIb30BATD [Tl HOCTPOCHUSA MPOTHO3a T, CTAIMOHAPHON KOMIIOHEHTBI BPEMEHHOTO PAJIA.

CranuoHapHblil BpEMEHHON psJ €O CPEIHUM 3HAYEHHeM (i OIUCHIBAETCHA MOJIEIBIO
ARMA(p, q), eciiu BbITIOJIHSETCS

q p p
$t=a+€t+z¢i€t—i+zei$t—i§ o= 1—292‘
i=1 i=1 i=1

Marmmnanoe oby4yenne u anaiu3 gaHabix, 2015. Tom 1, Ne14.



IIporrnosupoBanue HECTAIIMOHAPHBIX BPEMEHHBIX PsJIOB IIPU HECHMMETPUIHBIX (DYHKIUSX [TOTEPH 1897

rie 6h,...,0,, Y1, ...,1; — KOHCTAHTEL; £; — raycCoB OB IIyM ¢ HyJIEBBIM CDEJHUM U IIOCTO-
dHHOM mucnepcueil. BBoag omeparop casura L, jieiicTBytomuil o npaBuiry Lx; = x;_1, MOXKHO
sanucarb Mojeab ARMA(p, q) B cienyromiem Buje:

O(L)x; = a+(L)ey; O(L)=1-— Zeiy; WD) =1+ Z@W. (3)

Bpemennoii psj onuckiBaercst mojenbio ARIMA (p, d, q), eciin psin ero pasnocreit
Vi, = (1 — L)%,
onuchIBaeTCd MoJiebio (3), mpu srom Mojeas ARIMA (p, d, ¢) 3anucbiBaercst Kak
O(L)Vz; = a +(L)e;.

Bpemennoit ps, o61agaomuii MyIbTHIIIMKATUBHON CE30HHOCTBIO ¢ IEpUOAOM S, OINCHIBA-
ercs mojenbio ARIMA(p,d, q) x (P, D,Q)s, eciin

0,(L)Op(LY)\VVEx, = a+ (L)W (L%)e; .

3.1 Metononorus Bokca—/l>keHKnHCAa aHaJIM3a BPEMEHHBIX PsJIOB

Metomonorust Bokca—/I»kKeHKHMHCA UCIOJIB3YeTC 11t OIeHKH mapaMerpoB mojean ARIMA.
CortacHO 3TOi METOI0JIOTUN, TOPSIOK JnddepeHImpoBaHus BpeMeHHOT0 psijia d BIOMPAeTCst
TaK, YTOOBI psJ pa3HoCTell TopsiKa d ObLT cTarmonapHbiM. [lapamMeTpsl p u ¢ BBIOMpAIOT IpH
ITOMOIIM aHAJIN3a ABTOKOPPEIAIUMOHHON U YACTUIHON aBTOKOPPEIANMOHHON (DYyHKITHIA.

Onpenenenne 1. Aprokoppessnuonnast pyakmnuss ACF, ¢ jarom aBroxkoppesium T JIsT
BPEMEHHOTO Dsi/Ia X BBIYUCISIETCS 1O (pOpMYyIIe:

JUSD v i [t JES
Zszl(xZ — ) T i=1

Onpenenenune 2. Yacruunas aBrokoppessiiuonnas yrakmnus PACFE, ¢ jarom aBrokoppe-
JISIITAH T JIJIST CTAITHOHAPHOI'O BPEMEHHOTO Psijia X BBITHC/ISICTCS IO (POpMYyIIe:

E [l‘t+1$t] T=1;
PACF, — ’T_ i ’
{ E (@ — 2l (@ —2l )], 722

r] = Bz + Bolpr + 0+ Bro1Tipr—1;

T—1
v, = B1Tipr_1 + BoTigr_o + -+ Bro1Tiga,
e B, ..., Br—1 — KO3(uimeHTs JTHHEHHOH perpeccuu.

Bribop mapaMeTpoB p U ¢ OCYIIECTBJISIETCA U3 CJIELYIONINX COOOpaKeHMil:

(1) B momesu ARIMA(p,d,0) aBrokoppesisiiinoHHast (DYHKIMsT SKCIOHEHIIUATIBHO 3aTyXaer
WA UMEET CUHYCOMJIAJIbHBIN BUJI, a YaCTUYIHAT aBTOKOPPEIAIMOHHAS (DYHKIIUA 3HATH-
MO OTJIMYAeTCs OT HYJId IIPU JiaraX, He OOJILIINX p;
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(2) B momesnm ARIMA(O, d, ¢) gacTudnasi aBTOKOpPPEIAIMOHHAsT (DYHKITHS SKCIOHEHITHATIBHO
3aTyxaeT WM UMeeT CUHYCOUJAJbHBLIA BUJ, a aBTOKOPPEJISIuoHHas (DYHKIUS 3HATMMO
OTJIMYAETCsI OT HyJIsl IPH Jlarax, He OOJIBIIHX (.

MHo)kecTBO CTPYKTYPHBIX HapaMerpoB ce3ouHOil KommonenThl ARIMA nazmadaercs ¢ momo-
IIbIO aHAJIN3a aBTOKOPPEIAIMOHHON U YaCTUIHON aBTOKOppeadImonHoi dpyukiuit. [Ipu nasu-
YUU CE30HHOW KOMIIOHEHTHI Y BPEMEHHOTO Psijia Ha rpadukax 3TuX MYHKINNE OyIyT HAOII01aTh-
¢l XapaKTepHble MAKCUMYMbI B Jlarax, COOTBETCTBYIONINX ITePUOLY S CE30HHON KOMIIOHEHTHI.

HeobGxonumbie koaddunmentsbr Muorounenos 6(L) u ¢(L) onTuMusupyoTcs IPH UCIIOJIB30-
BAHUU KBaJAPATHIHON DYHKIME n0Teph L4y (2, ) n dyHKImOHAIA TOTEPD (2), OCHOBAHHOTO Ha
He.

[Tocsie onTuMu3anuu mapaMeTpoB MOJENN MTPOBOJAMTCS aHAJM3 OCTATKOB. Perpeccuonmbe
OCTATKHU MPOBEPSAIOTCS HA

(1) mecmemennocts Ery = 0;
(2) crammonapuocThb Vi < 1y ~ y(u);
(3) meaBToKOppeapoBaHHOCTE E [ryriyk] = 0,k # 0,

Ecim perpeccuonnbie ocTaTKu 00y9IeHHONW MOJIE/H 00/1a/Ial0T BCEMH TUMU CBOHCTBAMU, TO MO-
JeJib TIPU3HAETCs TTOIXOJISAIIEN JI7TsT alllIPOKCUMAIINNA aHAJIU3UPYEMOI'0 BPEMEHHOTO Psijia.

4 TllporHo3mpoBaHue cCTauMOHapHOW KomnoHeHTbl. Hist. BnusHue

cyHKUUKM noTepb

IToce obyuenus mogemn ARIMA ¢ BeIOpanHbIME HapaMeTpaMu JaBaeMblii €10 IIPOTHO3 T77, |
YUUTBIBACT XapaKTepHble 0COOEHHOCTH BPEMEHHOIO Dsijia X, HO He dyHKImK norepb Z (&, x).
[IycTh psi/i perpecCHOHHBIX OCTATKOB I' OIHUCHIBAETCS HEM3BECTHOW IJIOTHOCTBIO pacipejerie-
uus 7y (u). Ipeniaraercs mocTpouTs J106aBOUHBIA IIPOrHO3 &%, /Ul CTAIMOHAPHOTO Psjia U3
PErpecCUOHHBIX OCTATKOB, KOTOPBIl MUHUMU3UPYET MaTeMaTHueckoe oxkuianue norepsb (1). Ta-
Kas J100aBKa K HEeCMEHICHHOMY IIPOTHO3Y I, | HO3BOIUT y4eCTh 0COOCHHOCTH HECHMMETPUIHO
dyHKIIIN TI0TEPD.

B ciyuae kajgparuanoit L (%, ) = (& — x)? wm abeomornoit Zs(Z, ) = |2 — x| bynk-
nuil noTepb J00aBOYHbIA IIPOTHO3 Ty, | MOYKHO HAfiTH aHAIMTUYECKHU, He 3Has IIPH 3TOM KOH-
KPETHOT'0 BHJIa pacupejienenus 7y (u): g KBaJpaTuaHO# DyHKIUN 1H0Tepb &y, = Ery ja
abcomorHoit %, = medy(u), 9r0 MOXKHO HONIy4nTh, Hpojudbepennuposas L(c). B ciygae
Ke Oosiee obIero Buja (pyHKIIMHU OTEPH 3a/1a9a He MOJJIAeTCAd aHAJIMTUIECKOMY pellenuio 0e3
3HaHMsT KOHKPETHOTO pacipejiesennst y(u), a B MPaKTUIeCKUX 3a/a9aX OHO, KaK IPABUIIO, HEM3-
BECTHO.

Anropurm Hist mpeyiaraer ciepyromnuit myTh JJid pernierns 1ot mpobsembl. OH cocTonT
u3 jiByx npubskennit pyuknuu L(c).

4.1 Oumnenka mwIoTHOCTH (W) TECTOrPAMMON

[LnoTHOCTH BeposiTHOCTH Y(u) MPUOMIKAETCA TUCTOrPAMMON 3HAYCHUI psja, T.e. Kycod-
HO-niocTostHHON yHKImenr §(u). OBOZHAUUM Ui, = MIN T4 Upax = Max ry. OHU CYIECTBYIOT,
t t

TaK KaK paccMaTpHUBAIOTCs TOJIHBKO KOHeUYHble MHOXKecTBa r. [IpomsBenem pasbuenue odsacTu
[Umin; Umax] HA 1 OTPE3KOB [;; U;+1| PABHOI JUIMHBIL, T1€

. Umax — Umin
ui:umin—i_laa O=—"—
n

Ha s1ux orpeskax mosioxKnM 3HadeHus GyHKIUT (1) TOCTOSTHHBIME U DABHBIMHA ¥J; Ha OTPE3Ke
[w;—1; u;], TJIE Y; TPOLIOPITHOHAIBLHO KOJMIECTBY TOUEK DPsJIa I'y 3HAUEHUST KOTOPBIX 7'y € [t;_1; Uy].
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TouHoe 3HAYEHHE ¥; ONPEEIISeTCs U3 YCIOBHsT HOPMUPOBKHU byHKIMH (1)

Umax

/ y(u) du = Zyi(ui—l —u;) = aZyi =1.
=1 i=1

Umin

Torma 4(u) ecThb OlEHKA MJIOTHOCTH PACIIpE/esieHus. [Ipu nemob30BaHni TOr0 PUOINKEHHS
DYHKIHST MATEMATHIECKOTO OXKHUIAHNs 0Tephb L(c¢) OIeHnBAeTCsT Kak

Umax

Lyt (¢) = / X(c,u)’}(u)du:z% / Z(c,u) du. (4)

Umin

4.2 Ilpunbim>keHne MHTErpaJia

Uurerpas ot GyHKIUE TOTEPH, NPUCYTCTBYIONMA B (4), mpub/InzKaeTcsi 0 METOJLY MPSIMO-
YTOJIbHUKOB CO CpeAHell TOYKOM:

/ Lc,u)du~al (c, Ule—l-Uz) .
U1

[Tocsie sToro nmpudbanKeHHas PYHKIIMS MaTeMaTUIECKOTO OXKHUJIAHUS MOTEPh IPUMET OKOHYa-
TeJIbHBIA BUI:

Lconv(c) =a Zyzg (C, UZ1T—’_UZ) . (5)
=1

TounocTh TPUOMKEHUIT pACTET ¢ POCTOM UHCJIA OTPE3KOB M; B IepBoM ciydae (4) 510
CBA3aHO € YTOYHEHUEM HPUOJINKEHUST TUCTOIPAMMOM MCXOIHOM IIJIOTHOCTU PACIIPEIC/ICHHS, BO
BTOpOM (5) — ¢ YTOYHEHUEM OIEHKH MHTErpaJia.

Pabora asropurMa 3ak/o9aeTcs B IMOUCKE €*, HA KOTOPOM JOCTHTACTCA MHUHUMYM Lcony (€),
U B34TUHU 3Ha4YEHUs C¢* B KadecTBe IMPOTHO3a. B cuiy BO3MOXKHOI c10:KHOCTH (DYHKITUU TTOTEPD
Z (%, x) MUHUMYM HIIETCs CpeJiu 3HaYeHui (DyHKIMU B OrPAHUIEHHOM HabOpe TOUeK

G- {mtu ]
2 2

COCTOSIITIIEM U3 CEPEJINH OTPE3KOB pa30ueHmii:

Ty, = arg min Leony (). (6)
ced
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4.3 Augaropurm Hist

Bxopn: cranumonapHblii psJl PErPECCHOHHBIX OCTATKOB T, dyHKIus morepb Z(Z,z), {mcio
CTOJIOIIOB TUCTOIPAMMBI N
Beixon: mpornos 7., MUHIMHU3UPYIOIIUI MaTeMaTHYECKOe OXKUJaHUe HOTeph;

1: BBIUUCIUTD [IUPUHY CTOJIONOB MMCTOrPAMMbI @ = (Max T — minr)/n u KOOPJAUHATHI KOHIIOB
OTPE3KOB MTOCTOAHCTBA, Ug, U, . - - , Uy, T DYHKIHE §(U);
2: TIOCTPOUTH THCTOIPAMMY, HAUTH (DYHKIHIO (1), OTHOPMUPOBAB TMCTOTPAMMY, HOJIYYUTH
3HadeHns (DYHKIUU Ha OTPE3KAX IMOCTOSTHCTBA, U1, - . ., Yn:
n

3: HailTu 3Hauenus ceeprru Y y; L (¢, (u; + u;_1)/2)

i=1
qutst Beex ¢ € {(ug+u1)/2, ..., (Un—1 + upn)/2};
4: BBIOpATH C*, jaloniee MUHUMAJILHOE 3HAYCHUE CBEPTKH;

*

.S —
9 Tpyq = C.

OcHOBHOII ITapamMeTp aJropuTMa, KOTOPbIi MOXKHO BapbUPOBATh, — YHUCJIO CTOJOIOB THCTO-
rpaMmbl 1. [Ipu MasIbIX n OlleHKa IJIOTHOCTH pacipejienenust J(u) nomydaercs orpy0eHHOil,
1pu OoJIbIIUX N — OoJiee JeTajibHOI. B ciemyromem pasese Oy1yT HPUBEIEHbBI Pe3y/IbTaThl UC-
CJICJIOBAHUS CBONCTB aJrOPUTMa U Ha PErPECCUOHHBIX OCTATKAX PAa3JIUIHBIX BPEMEHHBIX PsJIOB.

Auropurm  Hist MuHMMEM3HpyeT MarTeMaTWdecKoe OXKHJaHUE I0Te€Pb ITPOTHO3UPOBAHUS
1pu JIIoOOM PACIIPEJICICHIH PErPEeCCUOHHBIX OCTATKOB I' M IPOU3BOJIbHONW (DYHKIIUU IOTEPD
Z(&,x). Ecim perpeccHOHHbIE OCTATKN HMEIOT HyJIEBOE CpeJiHee, TO CMelenue &, Oymer
00YyCJIOBJICHO JIUITH HECUMMETPUYHOCTHIO (DYHKIUU 1MoTeph. OJIHAKO MCIIOJIb30BaHUE aJrOPHUT-
ma ARIMA + Hist nmpu aByX3TamHOM IIPOTHO3€ MOXKET yMEHBIIMUTH CPEIHUE IMOTEPU W B TOM
caydae, ecIu Mojo0paHHas Jjisi TPOTHO3UPOBAHUS HECTAIMOHAPHONW KOMIIOHEHTBHI MOJIEb Jla-
€T CMeIEeHHbIe MPOTHO3bI. JTO MOXKET IIPOUCXO/IUTh IIPU CMEHe XapakTepa TpeHja. Hampumep,
YBEJIMIUBACTCS TEMII POCTa BEJIMINHBI UJIU BeJIMYMHA CHaYaJ 1a yObIBajIa, a IOTOM HAUUHAET BO3-
pacrarh. Ecim msMmenenne ognokparHoe u cMelrerue mporao3os ARIMA , o6yvueHHol Ha mepBOM
XapakTepe TPeH/a, MOCTOAHHOE, TO IIPY MIOUCKE PEIeHnsd 33,/ 1a41 MUHIMUBAITIT OYKUJIAEMbIX T10-
Tepb (6) 910 cMmerteHne GyeT CKOMIIEHCHPOBAHO, UTO MIPUBEJIET K MOBBIMICHNIO KATeCTBa JarKe
B CJIydae CHMMeTpHYIHOi (DyHKImN norephb. [IprMepom Takoro psifa MOXKeET CIyKuTh psif [13],
BO BTOPOIi ITOJIOBUHE KOTOPOT'O TPeH,1 boJiee cuIbHbIA. B pasz. 7 OyaeT moka3aHo, 9To /i 9TOrO
BPEMEHHOTO psijia UCIOJIb30BaHue ajropurma Hist jeiicTBUTENBHO gaeT ONLyTHMBbIN BBIUTPHIII
B KadecTBe 110 cpaBHennio ¢ ARIMA nmaxke 1151 KBaapaTudHoit PyHKIUKA TOTEPD.

OrmeruM Takzke, uTO 1poruo3 Hist gBiisercss KOHCTAHTO# B TOM CMBIC/IE, 9TO HE 3aBUCHT OT
TOPU30HTA IPOTHO3UPOBAHUS, U JIJIA JTIOOOT0 OYIYIIero MOMeHTa BpeMeHu ¢ OTBET OYJIET OJTHUM
" TeM ke, T.e. Hist cTponT perpeccmoHnyo MoJie/ib HYJIEBOTO MOPSIKA.

5 [AsyxatanHoe nporHo3mpoBaHune. Anropntm ARIMA + Hist

Kaxk 651710 okazano B (2), ARIMA nacrpanBaercst TakumM 00pa3oM, 9T00bI MUHIMU3HPOBATH
PErpecCcHOHHbIE OCTATKH IS KBaJPATHYHON (BYHKIHUU H0Tepb L5y (Z,z). Ecin xe dynxnums
norepb £ (%, ), O KOTOPO MPOM3BOJUTCS OIEHKA KadeCTBa MPOTHO3a, He ABJISETCs KBapa-
THUYHON, TO U PErpecCHOHHBIE OCTATKU B ODIIEM CJIydae MUHUMAJIbHBIME He OyJIyT.

Hanee 3amyckaercs ajgroputM Hist ¢ gelicrBurenbHoit pyHKmnuei ommbOK Ha psjie T, T.e.
MUHUMHU3UPYEM OCTATKH B CMbICJe HOBOH (dbyHKImeil morepb Z (%, ). OTMeTHM, YTO IepBbIii
sTan JIelCTBUTETLHO HEOOXOIMM U HeJIb3d JlaBaTh Ha Bxoj1 Hist mpocTo npomud dbepentmposan-
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HBII PsiJ, TAK KaK 9TOT AJTOPUTM HE YIUTHIBAET HEKOTOPBIE 0COOEHHOCTH, KOTOPbIE HE YXOJIST
npu quddepeHnupoBaHy, HAITPUMED CE30HHOCTD.
. 2, __ 408 7S ]
NTorosoit mporunos cymmmpyercss u3 JABYX Iri1 = Ipv; + Tp,q. 1o cyTm xe Hist pobas-
JIsieT OJIMHAKOBBI Ha BCEM TOPU30HTE CJIBUT BBEPX WJIM BHU3 OT mcxojHoro mporuaoza ARIMA
B 3aBUCHMOCTH OT KOHKPETHOr'O BUJa (PYHKIIUU TIOTEPD.

5.1 Auaroputrm ARIMA + Hist

Bxon: Bpemennoii psj x, dbyskims norepsb £ (T, x);
Boixoa: npornos Tryi;

1: moaobpaTh MOAXOISINYIO /I BpeMeHHOro psiaa Mogenab ARIMA mo meromomornn Bokca—
JI>KeHKMHCA;
. = NS o
2: BBIYMC/IMTHL IIPOTHO3 HECTAIMOHAPHOM KOMIIOHEHTBI 77 € IOMOIIbIO BHIOpaHHOI Mojie/n
ARIMA;
BBIYUCIUTEL PEIPECCUOHHDBIE OCTATKHU I JjIst BhIOpannoit mojgenn ARIMA;
3aaTh YMCI0 CTOJIOIOB N B rHCTOrpamMMe i ajaropurMma Hist;
BLIYHC/IATD IIPOTHO3 CTAIMOHAPHOM KOMIOHEHTDI £, ¢ HoMomIbio anroputma Hist;

> __ A.ns S .
Try1 = Tpyq + Ty

6 WVccneposaHue cBoiicTB anroputma Hist

B nmannom pa3zjesie omuchIBAIOTCS W UCCIEMYIOTCs cBoicTBa ajroputMa Hist, ocnoBanmoro
Ha CBEPTKE TUCTOIPAMMBbI ¢ (DYHKIIHEH OTEPD.

6.1 MHcnosib3yemble BpeMeHHbIE Psifibl

s uccnenosanus cBoiicTB ajropurma Hist u mocsie ryiomnero BbIYuCIUTETHHOTO SKCIIEPHU-
MeHTa ObLIN HCIOJIb30BaHbl BpeMeHHbIe psiyibl [13-17], uzobparkenusie Ha puc. 1. Paccmarpn-
BaeMbIe PSAJIbI OTJINYAIOTCA JPYT OT JpyTa JIMHON MCTOPHUH, HAJUYUEM WM OTCYTCTBHEM Ce-
30HHOCTHU W TPeHjia, quanaszoHoM 3Hadennit. [locie mepsoro srana aaropurma ARIMA + Hist
[IOJTYYAIOTCS CTAIIMOHAPHBIE PAJIbl PETPECCHOHHBIX OCTATKOB. VIMEHHO Ha 3TUX pAJax U MPOBO-
nurcs uccnenopanue cpoiicTB Hist. I[lepBrbiit sTam ajsropurMa n cpaBHeHre KadecTBa IPOTHO30B
OIIICAHBI B CJIEJYIOIIEM pa3Jieie.

6.2 ®dDyHKOUU 1OTEPH

DKCIEPUMEHTBI TTPOBOIUIUCE JJIST TPEX PA3JINIHBIX (DYHKITHI TOTEPh:

I'padukn kBagpaTHIHON, aOCOJIOTHONW U ACCHMMETPUYHON (DYHKIIN MOTEPh N300parKeHbl
na puc. 2. Bee Tpu yHKIMEM BBITYKJIbIE, JTOCTUTAIOT MUHUMYMa I[IPU COBIAJEHUU IIPOIHO3a
U JIEWCTBUTEILHOIO 3HAYEHUs BPeMeHHOTO paja. llepBbie nBe pyHKIIMU CUMMETpPUYHBIE, TO-
CTeHAS — HECUMMETPUIHAs KyCOUHO-TMHEHAA (DYHKITHS.
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4
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Ir41 — X

Puc. 2 Oyukmun norepb

6.3 CsBoiicTBa nmporuo3a ajropurma Hist

YT0o0bI OIpeie/TNTh, KaK 3aBUCUT 1oBeAeHune ajroputma Hist or pynkmum noreps u Kostmde-
CTBa CTOJIOIOB B THCTOIPaAMMe, JJId KazKJI0I0 PsJla PErPeCCUOHHBIX OCTATKOB OBLIU HOCTPOCHDI
rpaduKy 3aBUCHMOCTH TIPOTHO3a ajropuTMa Hist o KomdecTBa CTOJIONOB B FTEHCTOTPAMME JIJIst
ka0l yukimu noreps (7)—(9). I'padukn uzobpazkenst na puc. 3-7. Ha kaxkjiom rpaduke
10 OCH a0CIIUCC OTJIOKEHO KOJMIECTBO CTOJIOIOB THCTOIPAMMBI, IO OCH OPJIMHAT — IPOTHO3, T10-
JydeHHblit aaropurMom Hist npu mcnosib3oBanun 3aaHH0l (DyHKIUU IOTEPb U TUCTOIPAMMbI
C 3aJJaHHBIM YHCJIOM CTOJIOIOB.

Ha puc. 3-7 BujHO, 9TO JIjIsI BCEX BPEMEHHBIX PSJIOB U JIIOOO0H (DYHKIIMU MOTEPH C YBEJIH-
YeHUEM YUC/Ia CTOJIOIOB MMCTOTPAMMBI [OJIyYeHHbIE TIPOTHO3BI CTAOUIM3UPYIOTCST BOKPYT Mpe-
JIeJILHOTO 3HadeHnst. [ cumMeTpuaHbIx DyHKIW oreps (7) u (8) mpejesbHoe 3HAYEHHUE JIsT
IPOrHO30B OJIM3KO K HYJIIO, 9TO O3HAYAET, UYTO JJIsd CUMMETPUIHBIX (DYHKIWIi II0Teph ajaropuT™
Hist e jmaer cymecTBeHHOl TONPABKHU K MPOIHO3Y HECTAIIMOHAPHOW KOMIIOHEHTHI, MOJIYYeHHO-
My ¢ nomomibio Mogesin ARIMA. B 1o ke BpeMms st HecuMMeTpu9HON dyHKImu morepsb (9)
peJie/IbHOe 3HAYeHUe MPOTHO30B CYIIECTBEHHO OOJIbIIEe HY/Is. DTO 3HAYUT, YTO CYyMMAaPHBINA
POrHO3 OyJIeT 3HAYUTEILHO IPEBBINIATHL IMPOrHO3 HECTAIMOHAPHON KOMIIOHEHTHI, IIOCKOJILKY
paccmarpuBaeMast GyHKIus motepb (9) mrpadyer HeIOMPOrHO3 ropas3jio CHIbHee, YeM Iepe-
IIPOI'HO3.

Crabumsarysi TpOruo3os ajropurMa Hist ¢ yBennmdeHneMm KoJmdecTBa CTOJONOB B THCTO-
rpamMMe CBA3aHa C yBEJIMYCHHEM TOYHOCTH OLUEHKHU ILIOTHOCTH PACIIPEIE/ICHUsT PErPeCCHOHHBIX
ocTaTkoB 7y(u), 0 KOTOPOil TOBOPUIOCh B pa3f. 4. OnHAKO JJIs KOHEIHBIX BPEMEHHBIX DsIJIOB
JIOOUTHCST CXOMMOCTH ITPOIHO30B K IMPEJIeIbHOMY 3HAYEHUIO ¢ JII0OO0H Harepes 3aJJaHHON TOY-
HOCTBIO HEBO3MOXKHO M3-33 KOHEYHOIO KOJUYECTBA JOCTYIHBIX JAHHBIX I OIEHKH TLJIOTHOCTH
pacrpeesernst y(u).

7 BbluncnntenbHblid 3KCNEPUMEHT

[esp10 TPOBEJIEHHOTO BBIYUCIUTEIHHOIO SKCIEPUMEHTa, SBJIAETCS CPaBHEHUE CPEJTHUX II0-
Tepb TPOTHO3UPOBAHUS PA3IUIHBIX BPEMEHHBIX PSJIOB JJId PA3INYHBIX (DYHKIUH MOTEPh Mpu
ucnoyibzoBanuu mojen ARIMA u npeoxkennoro jasyxatanuoro ajaropurma ARIMA + Hist.
PaccMoTpeHbl mTh pasimIHbIX BpeMeHHBIX psiioB [13-17|, m3obpazkeHHbIX Ha puc. 1, u Tpu
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Puc. 7 [Ipormosser aaropurma Hist a1 perpeccnonubix octaTkoB psiza Electricity consumption

dbyuxipu norepsb (7)—(9), ofHa U3 KOTOPHIX HecHuMMeTpudHast. [Toy9eHo SKCIepuMeHTaTLHOe
IIOJATBEP:KIEHNE TOTO, YTO IIPU HECUMMETPHUUIHBIX OTEPSX UCIIOJIb30BaHUE JIBYXITAIIHOI'O IIPO-
THO3UPOBAHUS 1I03BOJISIET YMEHBIIUTDH CPEJTHUE TTOTEPH.

JL1st KazK10ro BpeMeHHOTO psijia, n300parkeHHOro Ha puc. 1, mogdpupasiach Moaeab ARIMA
no meromonornn bokca—/Ixkenkunca [2|. Beibpantbie Mojen it KaxKJ0ro BPEMEHHOTO Psijia
IoKa3aHbl B TabJI. 1.

11t TpOrHO3UPOBaHUS CTAITMOHAPHON KOMIIOHEHTBI UCIIOJIb3YIOTCsI PEIPECCUOHHBIE OCTATKU
agropurma ARIMA.

Jlns cpaBrenus KadectBa nporuao3os Mogen ARIMA u ceaszku anmropurmo ARIMA + Hist
20% mocieHUX TOYEK KaxKJIOTO BPEMEHHOIO PsiJia MCIIOJIB30BAIUCH KaK KOHTPOJIbHBIE. Jljist
KasKJIO# KOHTPOJILHOM TOYKHU 10 JIOCTYITHONH MCTOPUU BPEMEHHOTO psijia (BCe TOUKHU OT TEPBOii
JIO TIPEJIIIECTBYIONIEH PACCMATPUBAEMOl KOHTPOJIbHOIT) 06ydaiach BEIOpaAHHAS JJIsi BDEMEHHOTO
psana momeab ARIMA, 3arem ij1st 00y9eHHO# MOIEIN BBIYHCIISAICA PsIJi PETPECCHOHHBIX OCTaT-
KoB. [lo psmy perpeccnoHubIx octaTkoB oby4ascd aaroputM Hist ¢ 3ajgannoit pyakimeit morepnb
1 3aJaHHBIM KOJIMIE€CTBOM CTOJIONOB B rEcTOrpaMme. IIporuos st KOHTPOJIbHOM TOUKH CKJIAIbI-
Basicst u3 iporaoza ARIMA u Hist. Dxenepument 6bi1 tiposesier st dbyuakmuii morepsb (7)—(9)
u BapuanToB ajropurma Hist ¢ 20, 50, 300 u 500 cronbdmamu B rucrorpamme. CpejiHEe TOTEpH
JUI KaxKJI0# (DYHKIIUN MTOTEPh IIPUBE/IEHBI JIJIs BCEX BapUAHTOB aJropuTMa B TabdJI. 2.

Kak BuaHO 13 TabJ1. 2, IpU UCHOIB30BAHUN ACUMMETPUYIHON (PYHKITUHU TIOTEPD JIBYXITAITHbBII
ajyropuTM nporaosupopannss ARIMA -+ Hist mosBosisieT mojydarh CpegHiol0 OIMIMOKY ITPOrHO-
3a CYIIECTBEHHO HMXKe, 9YeM IporuosmpoBanue ¢ mnomoinbio momemn ARIMA. B 6oabmuncTBe
CJIydaeB JIjIsi CAMMETPUYHBIX (DYHKIUI [TOTEPh MCIOJIb30BaHUE JBYXITAITHOIO aJIIOPUTMAa IIPO-
THO3UPOBAHUSI HE IIPUBOJIUT K 3HAUUTEIbHBIM U3MEHEHUIM 110 CPABHEHHIO C IIPOI'HO30M MOJIE/IN
ARIMA. Vckiogenne cOCTABISIIOT TOJBKO CPEIHNE TOTEPH IIPOrHO3UPOBAHUSA JIJIsT BDEMEHHOTO
psaaa Monthly production of chocolate confectionery in Australia. JIjist 5T0r0 BpeMeHHOrO psijia

Ta6auna 1 Beiopannbie mogenn ARIMA 1j1st mporsosa HecTalnoHAPHONR KOMIIOHEHTDI

Bpemennoii psi Momenn ARIMA
Fraser River at hope ARIMA(1,0,0) x (1,0,1)12
Monthly Lake Erie Levels ARIMA(2,0,0) x (1,0,1)12
Chocolate production in Australia ARIMA(1,1,1) x (1,0,1)12
Sugar price ARIMA(1,0,0)
Electricity consumption ARIMA(2,1,2) x (1,0,1)24 x (1,0,1)16s
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Tabstuiia 2 CpejiHue OTEpU TPOTHO3UPOBAHUST

Pan Auyropur™m | KBagpaTtuunast | AGcosirorHast | AcuMMerpudHas
No Hist 52400 498 616
Hist(20) 53500 495 523
River Hist(50) 52200 496 516
Hist(300) 52500 493 516
Hist(500) 52400 492 515
No Hist 0,172 0,313 0,410
Hist(20) 0,182 0,316 0,315
Lake Hist(50) 0,171 0,313 0,312
Hist(300) 0,171 0,314 0,311
Hist(500) 0,171 0,314 0,311
No Hist 71500000 8350 4180
Hist(20) 66000 612 579
Chocolate | Hist(50) 65800 609 575
Hist(300) 65300 610 575
Hist(500) 65100 609 575
No Hist 0,127 0,265 0,340
Hist(20) 0,128 0,267 0,260
Sugar Hist(50) 0,127 0,266 0,267
Hist(300) 0,127 0,265 0,266
Hist(500) 0,127 0,265 0,266
No Hist 500 16,9 19,9
Hist(20) 717 19,1 12,7
Electricity | Hist(50) 589 16,5 13,4
Hist(300) 498 17,1 13,0
Hist(500) 502 16,9 13,0

HCII0JIB30BaHUE JIBYXdTAITHOrO ajropurma mnporaosupoBanns ARIMA + Hist npuseso x cyrie-
CTBEHHOMY YMEHBIIEHUIO TIOTEPD I BCeX PYHKINI TOTEPh. DTO CBA3aHO C T€M, UTO, KAK BHUJIHO
Ha puc. 1,6, 9T0T BpEeMEHHOI DsiJl BO BTOPOIl TOJIOBUHE UCTOPUU MMeeT OOJiee BBICOKUI TeMIT
pocrta, yem B repBoil nosiopune. OOydyeHHas MTPEUMYIIECTBEHHO 10 TEPBOii IMOJIOBUHE UCTOPUN
mojiesib ARIMA jraeT mporHosbl B KOHTPOJIBHBIX TOYKAX, CHJILHO CMEIEHHBIE B OJHY CTOPOHY
OTHOCUTEJILHO peasibHbIX 3Hadenuii. [Ipu ncronb3oBannm JIBYyX3TAIHOTO aJrOPUTMa, ITPOTHO3U-
poanusg ARIMA + Hist na Bropom mare ¢ nmomorisio ajgropurma Hist ymaercs oneHUTH 9TO
cMellenre u ¢esiaTh 0oJjiee TOYHBINA MTPOTHO3.

8 3aknrwueHue

[IpenoxkeH ABYXSTAIHBIN AJTOPUTM IPOrHOSUPOBAHUS HECTAIIMOHAPHBIX BPEMEHHBIX Psi-
noB ARIMA + Hist, mMuamMusupyommii oxkugaemble morepu. OH He HaK/aJIbIBaeT Ha BHJL
GYHKIUMU TOTEPh OIPAHHYEHUIl — OHA MOYKET OBITh CHMMETPUYHON WM HECHMMETPUIHOI,
g depentupyemoit nian Her. Ha mepBoM srame cTpouTcs TPOTHO3 HECTAITMOHAPHON KOMIIO-
HEHTHI BPEMEHHOTO psjia myTeM Bbibopa moaxoadameit mogenn ARIMA. Ha Bropom srare ore-
HUBAETCS IIJIOTHOCTH PACIPE/IETICHUS PErPECCHOHHBIX OCTATKOB BbiOpanHON Mojean ARIMA
U CTPOUTCSI IIPOTHO3 CTAIMOHAPHON KOMIIOHEHTBI IIyTeM MHUHUMUBAINN MATEMaTHIECKOTO OXKH-
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JIAHUS TIOTEPh, KOTOPBIE 33/IaHbl HECUMMETPUYIHOH (pyHKIMel morepsb. PuHaILHBII TPOTHO3 BbI-
YUCTIgeTCd KaK CyMMa ITPOTHO30B HECTAIIMOHAPHON M CTAIMOHAPHOW KOMIIOHEHTHI BPEMEHHOTO
pana. C MOMOIIbIO BBIYUCIUTETHHOIO SKCIIEPUMEHTa I[TOKA3aHO, YTO JIBYXITAITHOE MPOTHO3H-
pOBaHMe B CJIydae HECUMMETPUYHON (PYHKIIUU TOTEPh MO3BOJISIET YMEHBINIUThL CPEJIHUE TOTe-
pU 10 CpaBHEHUIO ¢ ofHOdTaIHbIM porHosupoBanneM ARIMA. Takke Ha npakTuke cpejHue
[IOT€PU MOXKHO YMEHBIIUTH C IMOMOIMIBIO JIBYXITAITHOIO NPOTHO3UPOBAHUA B CJIydae CUMMET-
PUYHOM (PYHKIINU TIOTEPh U CMEIIEHHBIX TPOTHO30B HECTAIIMOHAPHON KOMIIOHEHTHI BPEMEHHAOTO

pana.
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The problem of forecasting time series under asymmetric loss functions is considered. A new
two-step forecasting algorithm ARIMA + Hist is presented. At the first step, autoregression
integrated moving average algorithm ARIMA with seasonal components is used. The parame-
ters of the model are selected according to Box—Jenkins methodology. At the second step, the
residuals are analyzed and optimal addition to the forecast of the first step which minimize
the expected value of losses is found. Expected loss is estimated by convolution of loss function
with the histogram of regression residuals. The performance of the algorithm is demonstrated
on time series with different types of nonstationarity (i.e., trend or seasonality) and for dif-
ferent symmetric and asymmetric loss functions. The results obtained during this experiment
show that the quality of the forecast of two-step ARIMA-+Hist exceed the quality of usual
ARIMA in case of asymmetric loss functions.
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1 Introduction

Methods of solving problems of recognition and data analysis use various structures in data.
At a choice of appropriate structure, two main objectives are pursued:

a) identification natural clusters of density in the feature space in which the vectors of realiza-
tions are condensed; and

b) optimization of the computational expenses necessary for creation of the decision rule and
subsequent calculations.

Both purposes are closely related with each other and at their realization compete for
computational resources. For this reason, the overwhelming share of principles of structurization
can be refereed to both directions simultaneously, and the choice of a concrete method in many
respects is determined by assignment of priorities for (a) and (b). Now, the huge number of
approaches, algorithms, and methods, more or less successful, are applied to achievement of
both purposes. Note some survey publications on this subject [1,2] where the most actual and
perspective decisions are outlined. In them, both conceptual and technical aspects of the choice
of the compromise are concerned.

In this paper, the close relationship which exists between the concepts ‘precedent’ and ‘clus-
ter’ is investigated. The question how the mobility of the border between admissible realization
of the concepts ‘precedent’” and ‘cluster’ in the computational environment can be used at the
search of a compromise for (a) and (b) has been studied. Let the sum

- z;—x) o(x;—x
F(l’) _ Z,U/ze 0.5(x;—x) " o(x; ) (1)

be parametrical approximation of empirical distribution by uniform normal mix with constant
covariance matrix o~!. The component A (z;,0~!) represents compact spatial cluster C; with

*This work was done under financial support of the Russian Foundation for Basic Research (grants 15-01-05776-a
and 14-01-90413 Ukr_a).
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the center z; which is unambiguously described by the couple (x;, i1;). The natural treatment (1)
implies that each cluster of C; is filled by vectors corresponding to casual deviations from
the parameters of the central object x;. The recognized object xy can also be considered as
a single realization of distribution of probable localizations of the true center which also form
cluster Cy with the center zy and with the same form of distribution uie_0'5(f’“’i_m)T"(mi_m) where
coordinates of the center xy and variable x interchange positions according to the Bayes’s law.
Thereby, internally inherent structure of the sample gains simple representation; however, this
simplicity is reached at the price of creation of representation (1) as a solution of hard multi-
parametric inverse problem, and also with difficulties of reference of the cluster Cy to one of
the classes, each of which is represented by several clusters of type C;. Certainly, the example
is exaggerated, but it correctly reflects relationship between two concepts.

Opposite example in which injected structure of data appears, one can find in IP (Internet
protocol) technologies where rigid hierarchy of clusters forcedly introduced into the R* plane
in the form of quadtree provides high computational efficiency at training and recognition,
but the hierarchy is thus invariable, and in orthodox approaches, it is not adjusted in any
way to internal structure of the training sample [3]. The coordinates of clusters of quadtree
are unambiguously fixed, and substantial information is coded by only the density of filling of
clusters at different levels.

Further in this work, recognition problems will be considered in which the balance between
the accuracy of representation and computational efficiency can be reached via structural re-
duction within the pair ‘precedent—cluster.’

2 Generalized precedents: Feature space replacement
Application of models of type (1) assumes the use of Euclidean norm

[l = (Z x?>1/2

for estimation and comparison vectors in Y. The norm binds together the values of different
parameters, in particular, qualitatively incomparable ones. That is often convenient, but can
cause questions at substantial interpretation of results.

On the contrary, for hierarchy of clusters in a quad- or oktree, the scales in different di-
mensions does not interact. In case of IP, it is the main drawback of quadtree-type models
which limits their use [4]. Really, in case of images or scenes, it is usually assumed that spatial
directions possess equal properties. At the same time, the models of this type are noninvariant
to rotations in R? and R?® and, therefore, the results achieved with their use are difficult to
reproduce after rotation of the basis.

In abstract feature space, the assumption of ‘equality axes in rights’ takes place rarely.
Moreover, invariance of a model to independent scaling of the main dimensions (in general,
to independent nonlinear changes of scale on axes) becomes an important advantage. One
of the successful approaches based on the use of this invariance is the approach with logical
regularities [5-7]. In this approach, the clusters are hyperparallelepipeds in R, each cluster is
described by conjunction of the following kind:

L'=&,R,, R, = (A <z,<B.), n=1,...,N, (2)
and substantively interpreted as a recurring joint manifestation of feature values xy,xs, ..., 2y
of the vector z at intervals A® < x, < B: n=1,..., N. The principle of proximity to each other
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precedents of the same phenomenon here is embodied in the requirement of filling the interior
of a certain type of cluster by the objects of the same class. The shape of clusters becomes of
particular importance, and multiple joint appearance of feature values at the selected intervals
in this approach is seen as an independent phenomenon called elementary logical reqularity.

In all approaches mentioned above, just limited number of parameters is used to describe
the spatial arrangement of the cluster and its filling. In case of quadtree, each cluster is encoded
by one integer and one real parameter (g;, y1;); for the normal mixture (1), it is a pair of kind
(m;, 115); in case of logical regularities, it is a set of 2N border markers on axes A’ and B!,
n=1,..., N, and also, the weight of regularity pu,;.

Recently, V. V. Ryazanov has proposed the idea of reduction of dimension of the problem
through the use of substantial clusters such as hyperparallelepiped or component A (z;,071)
with significant aprioristic weight as new training objects. Each combined object is regarded
as geometric manifestation of some separate regularity in initial data and is called general-
1zed precedent. Such generalized precedents are just proposed to use in training. Generalized
precedents are described by geometric parameters of corresponding clusters and dimensions of
the new feature spaces in the above examples are 2, N + 1, and 2N + 1, respectively. Thus,
dimension of the space of generalized precedents may change as the upward and downward, but
big training sample receives more compact representation as the result.

3 Examples of usage of generalized precedents for sample reduction

3.1 Positional representation

In case of positional data representation, structural elements belong also to the special family
of logical regularities of the 1st type (2), when real numbers are truncated to real ones, and the
intervals used (A < z, < B!),n=1,..., N, are equal in length. Thus, hyperparallelepipeds
become hypercubes of restricted variety of kinds.

Positional notation is the development of quadtree model in dimensions greater than 2. The
main advantage is that the structuring of positional hierarchy is already automatically injected
into any numerical data when registering them, and it is immediately ready for use. It was
also noted above that in models of this type, independent scaling of the main axes is naturally
implemented, and this fact makes prospects of using the proposed approach in a variety of
recognition problems, including the ones with incomparable numerical features.

Let finite sets X}, are preset in RY and represent classes k, k = 1,..., K, of the training
sample X.

Positional representation [8] of data in RY is defined by a bit grid DV C RY where |D| = 2¢
for some integer d.

The parameter d is not fixed in advance. As it will be shown, its value is determined by the
results of the analysis of the mutual arrangement of classes in the training sample.

Each grid point x1,29,...,2x, n = 1,..., N, corresponds to effectively performed trans-
formation on bit slices in DV, when the mth bit in binary representation z, € D of the nth
coordinate of z becomes p(n)-bit of binary representation of the mth digit of 2V-ary number
that represents vector x as whole. Here, it is supposed 0 < m < d, and function p(n) defines
a permutation on 1,...,N,p € Sy. The result is a linearly ordered scale S of length 2%V,
representing one-to-one all the points of the grid in the form of a curve that fills the space DV
densely. For chosen grid D¥, an exact solution of the problem of recognition with K classes
results in K-valued function f defined on the scale S. As known, m-digit in 2¥-ary positional
representation corresponds to n-dimensional cube of volume 2V™=1_ Tt is called m-point. For
each m, the entire set of m-points is called m-slice. Thus, one has
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2dN

Lemma 1. There are just one d-point, 2" ones of (d — 1)-points, and ones of 1-points on

the scale S.

Each of m-points, 0 < m < d, can be regarded as separate cluster in DV, If it is nonempty
and filled with data of certain class only, one has got generalized precedent.

Further, for every k, k= 1,..., K, and every m,0 < m < d, let us look for the set of all of
m-points, which are generalized precedents, i.e., elementary logical regularities of class k. The
larger uniform regions in the domain of function f (corresponding to generalized precedents
as elder m-points), the better the decision rule. In the description of positional generalized
precedent, the filled volume is represented latently by parameter m (i.e., by the level in the
hierarchy) and actual new feature space is formed of pair (p;, m;).

Here, let describe the scheme of algorithm A that realizes this search on hierarchy of
m-points of the grid DV from top to bottom.

The search is carried out for all classes k, k = 1, ..., K, simultaneously. Data of the training
sample X = |J X C R" are transformed into 2V-ary indices of the grid DV.

All objects of the sample are processed in turn. Each next object x marks all m-points,
m > 1, of the own branch in hierarchy D” with the index k. Notice that for m > 1, there are no
more than ZZ@ZQ oN(d=m) (Jifferent m-points. For dimensions N > 3, this number is negligible
in comparison with the total number of 1-points of the grid DV, and this fact provides the
mechanism of compression of the sample.

Upon termination of search in each marked point of hierarchy DY, the final attributing
is carried out: if some (m + 1)-point was marked with indexes of various classes (i.e., is not
the generalized precedent), and all m-points subordinated to it are the generalized precedents,
then the entire last are included in the decision rule. Further specification and attributing of
subordinated (m — 1)-points are not required.

As for all classes k,k = 1,..., K, the analysis began with the same d-point as the top of
hierarchy, one has

Lemma 2. Algorithm A finds all generalized precedents of specified kind in the training
sample X = |J X, C RV.

Since the number of m-points is final, any m-point that hashes classes at actual choice of
the parameter d, will be further resolved by next iteration of algorithm A under this m-point
regarded as new top and, thus, one has got

Lemma 3. Iterative process on the basis of algorithm A provides creation of exact decision
rule that is correct on the training sample X = J X, C RY.

Thus, one has to decide what is better in this or that case: big d or many iterations of A.

Since data of training sample X = | J X € R are analyzed consecutively, further retraining
of any recognition algorithm constructed on this way will demand investigation of objects not
more than inside one generalized precedent for each new object.

When sets of generalized precedents for all classes are built, one can combine within each
class some collected m-points as hypercubes in larger hyperparallelepipeds according to criteria
of contiguity [7]. So, one more way of building space of generalized precedents taking the form
of elementary logical regularities of the 1st kind can be realized.

3.2 Cluster means as generalized precedents

Generally, large number of various ways of creation logical regularities of the 1st kind is devel-
oped now, and the choice of one of them is determined by properties of data and the character
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of a problem of recognition or forecasting [5]. As the second example of use of generalized prece-
dents, here, a new method of compression of data is considered which consists in transformation
of feature space RY to the space (¢, u*) with dimension N + 1. Class means ¢’ in clusters of reg-
ularities L' = &, R, R!, = (A, <z, < B.),n=1,..., N, are used as generalized precedents in
this method. The space (A%, BS, u'),n =1,..., N, itself is used thus at the intermediate stage.

Notice that in hierarchy of m-points of DY, very rigid criterion of selection of generalized
precedents was applied. Existence of the only object of alien class as a part of any m-point
(hypercube of large volume, when m is close to d) excludes the last from among the generalized
precedents and strongly reduces thereby potential efficiency of compression of the sample. For
this reason, in the majority of methods of creation of logical regularities, softer selection criteria
are used when existence of certain share of objects of others classes as a part of this or that
hyperparallelepiped (corresponding to elementary logical regularity) is allowed. Thus, flexibility
of the model of logical regularities in general is reached and possibility of creation of simple
decision rule with small set of elements of the sort L' = &, R, R, = (A, < xz, < B.) is
provided where each of them represents essential part of the training sample.

The proposed method of compression uses the specified opportunity fully, but realizes also
a way of disposal of the difficulties related with the existence of alien objects in the cluster
of regularity L' = &,R!, R = (A} < z, < Bi). Let zF,t = 1,...,TF, be a set of objects
of the kth class as a part of cluster of elementary logical regularity L. Construct in the space
RN*1 a new sample that is made of vectors of averages c& = ZtTthL, and their shares T in
each regularity L. Thereby, the space of the generalized precedents (¢!, T'') is set, each point of
which corresponds to nonuniformly filled cluster of initial space RY where the objects of class k
dominate. The role of cluster geometry thus partially loses its value, important is only that the
share T of objects of the kth class within the cluster is big.

4 Reconstruction of the decision rule in initial feature space

Reconstruction of the decision rule in initial feature space consists in the return replacement
of sets of the essential generalized precedents with clusters of the chosen for them geometric
forms. Replacement is carried out directly and does not cause difficulties. In Fig. 1, it is shown
how it takes place in case of hypercubes of positional data representation. For cluster means,
this transition is even more direct since in this case, the space of generalized precedents differs
from initial feature space only in additional equipment of weight coordinate 7.

5 Computational experiment

Computational experiment in the framework of this training sample compression model was
made for several types of generalized precedents on real tasks. The best accuracy was achieved
by approach on the basis of cluster means. Here, the generalized precedents are used for repre-
sentation of the training sample in the form of sets of new precedents that match as the source
precedents and classes and the results of analysis of the initial training sample. As additional
information for each class Ky, A\ = 1,2,...,[, there are used multiple logical regularities of
classes Py = {P;(x)}, i.e., predicates of the form

p917017Q2’c2(X) = /\ (C; g x]) /\ (C; 2 x])’

JE JEQ2

0,0 C1,2,...,n,ct,c2 € R,

where
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t 1 1

Figure 1 Fragment of quadtree with the scale S of Peano-type. Two classes (red and green) are
separated in S by white arrows. Color intensity depicts the density of filling. Left big square represents
an m-point that hashes classes. Right square is filled with objects of the green class only detected in
all subordinated (m — 1)-points and so, this m-point represents generalized precedent as large uniform
region included in the decision rule (big green arrow)
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Figure 2 Intervals of two-dimensional regularities of two classes are the marked boxes

1) 3x, € KJ|Peh %2 (x,) = 1;
2) V¥x— € K9|P%e 92 (x,) = 0; and
3) P 2.e” (k) represents a local optimum of the standard criterion of predicates’ quality.
Here, through K, the training sample objects from class A are designated. Two schemes of
definition of generalized predicates are used.
In the first scheme, sets of objects that satisfy the predicates of Py correspond to the set K.
Figure 2 shows a model example. An analog of the “nearest neighbor” algorithm was used.
Object x is assigned to the class, the regularity of which is considered the closest, the
“distance” to the patterns is calculated by the formula:

_ th:Pnl’claQ%@ (xt)zl p(X7 Xt)
 {xe: Pt e (x,) = 1}

do (%)

where p is the Euclidean metric in R™.

Comparison was carried out on the data of the credit scoring (2 classes, 15 features, 348
test objects) [8]. The accuracy of the standard and the modified method of “nearest neighbor”
was on the test data, respectively, 75.6% and 77.5% of correct answers.

In the second scheme, generalized precedent is considered as the set of values of all logical
regularities of the object, disjunction of their negations, the set of values of all logical regularities
of another class, and disjunction of their negations (classification with 3 classes and more used
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(0)

Figure 3 Visualization of the original training sample (a) and of the sample of generalized precedents
in the parametric space where classes become linearly separable (b)

scheme “one against all”). Thus, each object corresponds to a vector of numbers {0, 1}, and the
generalized precedent is simply a description of the object in the new feature space. Figure 3
shows the visualization of the original training sample and the sample in new parametric space
on the task of recognition of breast cancer [9]. The objects of different classes are presented
in a plane gray and black circles. Generalized precedents of the training sample are linearly
separable.

The version of support vector machine implemented in [5] was used as the main classification
method. The results of the comparison of methods of recognition of test data on various tasks
are presented in Table 1.

In general, the achieved positive results testify to prospects of the approach and to need of
further development of this direction of researches.

6 Concluding remarks

The use of some inherent and injected structures in data has been considered. The opportunities
arising from the use of generalized precedents for creation of detailed decision rule have been
analyzed. It was shown that in case of positional data representation, the feature space RY
can be reduced to two-dimensional space where training data become represented by compact
clusters. Reduced representation realizes the one-dimensional scan of RY, which is loaded with
weights of generalized precedents. A scheme for an iterative process is proposed that yields to
construct exact solutions which are correct on the training data. A new method of training
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Table 1 Results of comparison of recognition methods on various tasks

Reference Accuracy Accuracy
Task Classes Dimension Objects . on reference on generalized
objects .
objects precedents
“Breast” 2 9 344 355 94.6 (0.8) 96.1
“Credit” 2 15 342 348 80.5 (4.3) 64.5
“Image” 7 16 210 2100 68.8 (27.7) 92.0 (0.6)

data compression has been developed and investigated based on the use of cluster means for
elementary logical regularities and on its use as generalized precedents in transformed (N + 1)-
dimensional feature space. Computational experiment was made for several types of generalized
precedents on real tasks. Good results approve the new opportunities and open prospects of
the use of generalized precedents in recognition tasks with big data samples.
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OnpeneneHve BuagnmMon obnacTtu paay>xku
KJ1laCcCUPNKATOPOM JIOKaJIbHbIX TEKCTYPHbIX MPU3HAKOB*

u.A. Coromamun, . A. Mameees
ivan.solomatin@phystech.edu
MockoBckuit busnko-rexundeckuii nuctTuTyT, Poccus, r. Hosroupyaustit, Uncturyrckuii mep., 9
Broraunciurennuntit ientp PAH um. A.A. Jlopoaaumpiaa, Poccusi, . Mocksa, yi. Basunosa, 40

PacrmiosnaBanme desoBeKka M0 M300ParKEHUIO PaIyKHON 000JTOUKM — aKTyaJbHasl 3a7a4a
B Omomerpudecknx cucremax. [loMrnMo BbIeIeHNsT PaayKKI KaK KOJBIIEBOM 00JIaCTH JJIsT I10-
BBIIIIEHNsT TOYHOCTH DPACIIO3HABAHUSI OIPEJIEJISIOT 061acTh 3aTeHeHns (GIMKY, BEKU, PDECHUIBI
u T.1.). 3aja9a BbIJIEJEHNs 3aTEHEHU PaJly’KKH MOXKET ObITh MOCTaBJEHA KaK KJjaccuduka-
M THKCesIell KOJIbIEBO 00acTh Ha JBa KJIacca: «Paay:KKa» M <«3aTeHeHme». B KoJbIeBOoit
00JIacTH OIPEJIE/IsAeTCs CEeKTOP C MUHUMAJILHON Aucrepcueil SspkoCTH, KOTOPbI, KaK MPaBUIIO,
He COJIEPXKUT 3aTeHeHuil (B JaHHOH paboTe STOT CEKTOP He BBIUUC/ISIETCS, a PACCMATPUBALTCS
KaK 9aCcTh BXOJHBIX JAHHBIX ajropurma). asee crponrest KiaccudukaTop Ha OCHOBE MHOTO-
MEpHOTO TayccuaHa, KOTOPBII 00yJaeTcst Ha BBIOOPKE, 3a[aBaeMOii TI0 ITUKCEJISIM 9TOI'0 CEKTOPA.
[Tapamerps! KinaccuduKaTopa ObLIN ONTHMU3UPOBAHBI C ITOMOIIBIO T€HETUIECKOTO AJTOPUTMA.
[Tpobaema myma u ommbOK ¢ KiaaccuuKaneil HEKOTOPBIX YYIACTKOB M300PayKeHUsT PEIraeTCst
C TIOMOIIBIO TIPUMEHEeHUsT MOPMOIOTHIECKON TTOCTOOPAabOTKN. BhII MPOBEIeH BHIUUCINTEIbHBIH
9KCIEPUMEHT, U MOJIYyIeHO pacupeeaeHne QpyHKIIMOHAIA KaIeCTBa AJTOPUTMA.

KunroueBbie cjoBa: obpabomxa u3obpascerut; pacnodnasanue o00pasos; OUOMEMPUYECKAA
udenmudurayus no padyrcke

DOI: 10.21469/22233792.1.14.03

1 Bsepehxne

HeobxoauMmplit 9Tan 6moMeTpuydeckoil naeHTU(UKAIME 110 PaLy>KHOi 000/I09Ke — CerMeH-
Talus paJly’KKH, T. €. BblIeJeHIe 00/1acTh N300pazkeHus, CojepzKalleil TOJIbKO paLy»kKKy. B cer-
MEHTAIIUIO IOMUMO BbIJIEJICHUs OKPYZKHOCTEH, allllPOKCUMUPYIOIUX BHEINHIO U BHYTPEHHIOI
IPaHKUIbBI PaJLy?KHOM 0OOJIOUKHM, BXOJIUT BbIaeseHue obsacreil 3arenenus. Ilociennss 3amada
JIOCTATOYHO BayKHa JJIsd PACIO3HABAHUS YEJIOBEKa 110 paJly’kKKe, TaK KaK ee PEeIICHUe 3a/aeT
KOHEeUHYIO 3 ]eKTUBHYIO 00/1aCTh /I paClIO3HABAHUA. B aHIVIOA3BIYHOI JMTEepaType 3Ta 3a-
nmada HaspiBaercss EES (Eyelids, Eyelashes, Shadows) localization. CymiecrBytor pasiundmbie
nozxonbl K ee perrernto. B [1] ocymecTisiercs BbiaeaeHne 00IaCTH BEK € HCHOJIb30BAHUEM
uHTerpaabno-auddepeHnualbHbIX OlIepaTOPOB, I'PAHMIA BeKa AIIPOKCUMUPYETCS HEKOTOPOT
kpuBoit. B [2] mia nokanusanun ek ucnosb3yercs npeobpasosanne Xada. B [3] rpanuna Beka
annpokcumMupyercsa napabosioit. B [4] myis obHApyKeHUsl 3aTeHeHWH WCIOJb3YeTCsi Mepa Ka-
4JecTBa paJly?KKH, BBOIUTCH BEPOATHOCTHAS Mepa KadeCcTBa paJly’kKKH, OCHOBAHHAs HA CMECH
MHOI'OMEPHBIX I'ayCCHaHOB, KOTOpas CpaBHHBAETCS ¢ MEpPOii, OCHOBAHHON Ha IpeobpasoBaHun
Dypre. st pacriosHaBaHusi pecHUIL B 5| mpuMensiercst craTucTHaeckas onenka. B [6] onmcan
METOJI, PACIIO3HABAHUS BEK, MCIOJIL3YIOMINN FOPU30HTAIBHBIA MeIMaHublii (DUILTP U paCIo3HAa-
Banue rpanutl. B [7] st pacnosnasanusi pecHuIl ucmosib3yercst oneparop Cobesist, 3aTeM pec-
HUIIBI YIAISIOTCS ¢ N300paskeHust ¢ MOMONILIO MeauanHoro ¢gpuabrpa. CylnecTByoT penienus,
BBIJIEJIAIONINE BCe 3aTeHeHust cpasy (6e3 pasjie/ieHnst Ha BEKU, PECHUIBI, OuKd 1 T.11.). OJHO
U3 TAKUX PEIeHNil OImMcano B (8], B HeM mpuMeHsIeTCsT KJIacCuUKATOpP, OCHOBAHHBIH Ha CMECIX

*Pabora BbeimnosiHeHa Ipu (puHaHCOBOI noiepkke POPU, mpoekt Ne 15-01-05552.
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rayCcCUaHoB, pa3esdIonuii TOYKU Ha JIBa KJlacca: «pajlyzKKay» U «3areHenues. [yia obydenus
KJIacCU(PUKATOPA UCIIOJIb3YIOTCA M300paskeHusi, pa3sMedeHHbIe BPYIHYIO.

Henocrarkamu Meroja [8] siBisiroTcst HEOOXOAMMOCTD B DYYHON pasMeTKe U UCHOJIb30BAHUE
OJIHOT'O M TOTO Ke KjaccuukaTopa JIJid BceX n3odpazkennii. Eannbiit KiaccudukaTop Jjisd Beex
n300paKeHuil ABJIAETCA COMHUTETLHBIM PEIIEHNEM BCJIEJICTBHAE TOTO, YTO M300PaKeHns pa3HbIX
paJiyZKHBIX 0D0J0UYEK MOTYT UMETh 3HAUNTEJbHbIE BAPHAINH TEKCTYPHBIX MPU3HAKOB (pasHast
CTPYKTYpa, pa3Hoe OCBEIIeHHe U T.]I.), 9TO IpH OOydYeHun Ha GOJIBIION BBIGOPKE OPOXKIaer
OYeHb MHUPOKUI KJIACC «PaLy:KKay, 00JIaJaioNuil MajIoil pasie/dionieil cliocoOHOCThIO, a MIpH
obyueHnn Ha MaJIoil BBIOOpKe — y3KHUil KJacc, He MPUTOIHBIN JII MHOTUX U300parKeHMHil.

B mannoit pabore mpejjiaraercs UCHOIb30BaTh KJIacCU(UKATOP Ha OCHOBE MHOTOMEPHOIO
rayccuaHa, oOydJaronuiics Ha HesaTeHeHHOM cekTope S. Vcmonb3oBanue cektopa S st 00yte-
HUSI 1T03BOJIZET M30exKaTh UCIIOJIb30BaHUs 00ydvalolieil BLIOOPKH, pa3MedeHHONl BPYUHYIO, T. €.
[IOCTPOUTH MOJHOCTBIO aBTOMATHYECKUil MeToj. TakuMm obpasoM, cojep:kaHue padboThl — pea-
JIN3aIusl aJropuTMa MoucKa 00IacTel 3aTeHEHs ¢ UCIIOIb30BAHUEM CEKTOpa S BMECTO PyUHOI
pa3meTKu. B KadecTBe cekTopa S HCIOJB3YETCsI CEKTOP ¢ MUHUMAJBHON JIUCIIEpCHeil SPKOCTH
¢ (puKCMpOBaHHLIM YIJIOM pacTBoOpa. BaKHo 3aMeTHTh, YTO B JIAHHOW padoTe MpeXKJe BCEro
CTABUJICA BOIPOC O MPUHIUINHAAJILHON pabOTOCIIOCOOHOCTU METOJa paclo3HaBaHUs 3aTEHEHUN
Ha OCHOBe KJiaccupuKaTopa, 00ydaronierocs Ha sjeMeHTe Toro ke m3obpazkenus. Borpoc Mak-
CUMaJIbHON OINTUMM3aIUN I0Ka He cTaBuUicsd. B jajbHeiineM, B 9acCTHOCTH, OyJeT MoJpodHee
U3ydeH BOIPOC HAXOXKJIEHUSA CEKTOpa S M BOIPOC BBIOOPA MPU3HAKOB, IO KOTOPBIM CTPOUTCH
KJIACCUPUKATOP.

2 [locrtaHoBka 3aga4un

Ha Bxoj1 momaercs gepno-6esioe nzobpazkenue [, KOTOpoe ABJIsIeTCs MPsAMOYTOJILHON MaTpH-
neit Wx H u3 nebix 6e33HakoBbIX ojH0bafiroBbix unces I(i, ) € [0;255], 3ajaomux sipkocTh
KaxKJI0r0 TUKce/Isd n3o0parkenns. Tak»Ke Ha BXOJI MOJAIOTCS KOOPJAUHATHI EHTPOB U PaJINyChl
JIBYX OKPY?KHOCTEl, AllPOKCHMUPYIOMINX BHEITHIOI W BHYTPEHHIOK I'DAHUILY DPaJyKKU (BbI-
YHCJIEHHBIE, HAIIpUMep, MeTojaMu [9]), u He3aTeHEeHHbIH CeKTOp S, 3a/aBaeMBbIil CepeIMHHBIM
YIJIOM ¢ 1 pacTBOpoM Aq.

Tpebyercs BuIACIUTHL 00JIACTH 3aTEHEHUS, T. €. 00JIACTH M300paKeHusi, Ha KOTOPbIX n300pa-
JKeHa He paJIyzKKa, a BEeKOo, pecHuna, oyiuk u T.1. CTporo roBopsi, HY?KHO KJIACCU(PUITTPOBATD
BCE TOYKHU M300parKeHus, JIezKaIlle BHYTPHU KOJIBIA, AIIIPOKCUMUPYIONIETO PajlyKKy IO JBYM
KJIaccaM — <«paJyzKKay U «3aTeHEHHe», T. €. MOJyInTh OnHapHOe n3obpazkeHue J:

J(i,7) €{0,1}; i e[l Hf; je L, W], (1)

rae J(i,7) = 1 < Touka (4, )T knaccudunuposana kak sarenenue.

3 MeToa peweHus
N

Paccmorpum TouKm, HaXoJdIuecss BHYTpH ceKropa S = {@p}i_;, tie N — 9uciio TOYeK,
npunayiexkamux S. JIokajnbHbIe TEKCTypHBIE MPU3HAKH ITUX TOUEK Oy/IyT sIBIATHCS 00yUa-
foreit BIOOpKOH jtst Kitaccudukaropa. Ha puc. 1 npuBesensl npuMepbl ceKTopa S Jijist pas3-
JIMYHBIX N300pakKeHuil PaTyKKH.

CrouT 3aMeTHTb, YTO B KadecTBe CEKTOpa S BHIOMPaAETCs CeKTOpP ¢ (DUKCHPOBAHBIM Pac-
TBOpOM A« Takoi, IYTO ero ANUCIEePCHs MUHUMAJbHA, W, CTPOTO TOBOPS, ITOT CEKTOP MOXKET
COJIepKATh 3aTeHEeHNsA. B TakKuxX cjIydasix TOYHOCTH PAcCIO3HaBaHUs HE MOXKET ObITh BBICOKOIA.
[Ipumep Toro, KaK HaJM9He 3aTEHEHUN B CeKTope S BIUSET HA TOTHOCTb PACIIO3HABAHUSI, PaC-
cMOTpeH B pa3/. b (mpumep 3, puc. 8). B nanroM mpumepe ceKTop S COIEPKUT PECHUITBI; TAKIM
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(a) S He comepKUT 3aTeHEHNUI (6) S He colepKUT 3aTeHEHNI (8) S comepKUT 3aTEHEHUS

Puc. 1 IIpumepsr ceKTOPOB ¢ MUHUMAJIBHON JUCIIEPCUEil SIPKOCTH (BBIIEI€HBI CBETIIBIM )

obpazoMm, KjaaccuukaTop, OOYYeHHBIH 10 3TOMY CEKTOPY, HE CUUTAET PECHUIIHI 3aTCHECHUSIMU,
YTO yMEHBINAeT TOYHOCTb. B JajbHeilleM maHupyercs HamucaTh Oojiee TOYHBIN aJrOpUTM
[IOUCKA HE3ATEHEHHOTO CEKTOPA PAJLy 7KKH.

B kadecTBe JIOKAQJIBHBIX TEKCTYPHBIX NMPU3HAKOB BHIOMpAIOTCH ciieytonne K = 8 mpusna-
KOB:

1. B(x,) — apkocTb B Touke T, = (z,1)T:
B(mn) = I(l‘,y) .

2. B(x,) — cpemnss apKOCTb B OKPECTHOCTH TOYKH &, (B OKHe pasMepa a).
B kadectBe okHa pasmepa a OyJeM HCIOJb30BATL KBajparT co croponoii 2a + 1. Torma
KOJINYECTBO TOYEK B OKHE pasmepa a pasHo (2a + 1)2.
O603HaYMM MOMEHT APKOCTH B OKPECTHOCTH pa3Mepa @ TOUKH Ly,:

1 a a
! (2a+1)22 > Fla+iy+))
i=—aj=—a

Torna -
B(z,) = M. (2)
3. o(x,) — CpejHEKBaJIPATUIHOE OTKJIOHEHHE SIPKOCTH B OKPECTHOCTH TOYKH &y (B OKHE

pasmepa b):
2

o(n) = JM,S” — (") (3)
4. C(x,) — BEKTOp U3 NATH KOMIOHEHT JUCKPETHOIO KOCHHYCHOTO IIPe0Opa3OBaHUs B

OKPECTHOCTU TOYKU Ly, .
Kaxk npaBuio, quckpeTHOe KOCHHYCHOE IIPeobpa3oBanne CYuTaeTcd B OKHe wXh, Tae w =
= h = 8, HO TaK KaK B JIAaHHOM CJIydae, U3 COOOparKeHUil CUMMETPUH, YKEJATETbHO, YTOObI
OKHO OBLJIO CUMMETPUYHO IIEHTPUPOBAHHBIM, UCHOJIb3yeTcst OKHO 7XT7 (w = h = 7). IBy-
MepHOe JINCKPEeTHOEe KOCHHYCcHOe IpeoOpa3oBanme B OKHe wXh npu w = h = 7 ¢ nenTpom
B Touke (x,y)T:

3 3 , :

~ . ‘ 7(2i+T)p 7w(25+T7)q

Cpq(z,y) = apay E E I(x +1i,y+ j)cos T R
i=—3j=—3

O0<p<h-1 O0<g<sw-—1,
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rJe

,p=0; q=20;

I<p<h—1; 1

/A

q<w-—1.

Sy
Sleg-

N3 nonydennoit MaTpuiibl KO3 PUITHEHTOB 7X7 O0epyTcd mepBbie 5 KoM MOUIMEHTOB 3a
uckiodenneM Cp g (puc. 2), rak Kak koadbunnent Cj paBeH cpeteil SpKOCTH B OKPECT-
HOCTH, KOTOPad yzKe UCIIOJb3yeTCd B Ka4eCTBE IIPU3HAKA!

—_

(0,3)[(1,3)](2,3)[(3,3)

Puc. 2 Ucnonb3yembre K03 PUITUEHTH JUCKPETHOIO KOCUHYCHOTO ITpeoOpa30BaHmsd

C(wn) = (60,1, 61,07 CAY0,27 61,17 az,o)T-

B dopmynax (2) u (3) pasmepbl OKpecTHOCTEH @ ¥ b BBICTYIIAIOT B KadeCTBE MapaMeTPOB
AJrOPUTMA.

Kazk1o0it Touke cextopa S : @, = (x,y)T comocrapigeMm BeKTOp U3 MPU3HAKOB:
B T\T
n — n/s n/s n); n .
Pn = (B(xn), B(xn),0(2n), (C(zn))")
HaxomuMm cpennii BeKTOD:
N
1 .
n=1
N3 BekTOPOB P, COCTABIACTCH MATpUIla 00beKT-ipu3HaK M pasmepnoctu K X N:
M = (Pl D2 - Pn) .
[Ipeamonaraem, 910 00BEKTHI B IIPOCTPAHCTBE, 33/IaBAEMOM JTAHHBIMU MapaMeTpaMu, pacipe-
JIeJIEHBI 10 MHOTOMEPHOMY TayccuaHy. ['umoresy o npuHa jIe?KHOCTHA KayKJIO0TO MUKCEIsT KIACCy
«paJIy’KKay MPUHUMaeM WK OTBepraeM, OCHOBBIBAsICh Ha paccrognun Maxasganoduca.
Marpuria KoBapuaruii, HOpMAUPOBaHHas Ha CPETHUI BEKTOP, 3a/IaeTCsl CJIeyIoleil hopmy-

JIOM:

C=MMT.
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Paccrosgnune Maxasnanobuca or 10 p:

D(z) = /(x — p)TC\(x — ).
CunraeM, 9TO NUKCETb & JIEZKUT B KJIacCe «PAJIyKKay, €CIIH

exp (—D?*(x)) > Propor - (4)

Takum 00pa3oM, aJIrOPUTM 3aJaeTcsd CACAYIONUMH IapaMeTrpaMu: a,b, Propor, TJIC a W b —
pa3Mepbl OKOH (oKpecTHOCTEl) it pacdera 1-ro u 2-ro npusnakos (2) u (3), a Propor
noporosoe 3Hauenue B opmyse (4). st onpejeienns onTUMAIBHBIX 3HAYEHUN YKA3aAHHBIX
[apaMeTpoB OBLIT UCIIOJIb30BaH T€HETUIECKUH aJIrOPUTM.

4 TMopbop napameTpoB

Baxk#o 3aMeTuTbh, UTO NPUMEHEHHE T€HETUYIECKOrO AJITOPUTMA JId MOJ00pa IMapaMeTpoB
sIBJIIeTCs He OOydeHreM, a HACTPOHKON ajropurma, T.e. HapaMeTpPbl BIOUPAIOTCS €IMHOZK bl
u PUKCUPYIOTCH.

JLst mpuMeHeHnsT TeHETHIeCKOr0 aJrOPUTMa HY?KHO BBECTHU (DYHKITUIO OIMUOKH AJrOPUTMa,
JUIs1 OIIEHKH KadecTBa PeIeHus JIjis KOHKPeTHBIX apamMeTpos. IlycTh pesyiabrar paboThl ajiro-
puTMa paBeH .J, a IKCIEepTHas pasMeTKa obJacTeil 3areHenus pasha J, rie J u J — OuHapHbie
n3o6paxkenus suja (1).

[lycts Ny — obmiee KOMMYECTBO KIACCUMDUIMPYEMBIX TOYEK, JIEZKAIUX BHYTPU 3aJIaHHOI
CPAHUIBl PAILYKKH, & Ny — KOJUYIECTBO TOYEK, K/JIACCU(DUIMPYEMbIX KaK 3aTEHEHHUS B IKC-
nepraoil pasmerke. O6ozHaunM Yepes Opis(i, j) UHIAUKATOPHYIO (DYHKIUIO MHOMKECTBA TOYEK,
JIEXKAIUX BHYTPU KOJIBIIA, AlIPOKCUMUPYEIIEro 001acThb payKKu. Torma

NO = ‘{(27]) ‘ 5Iris(i7j) = 1}‘7 NO = ‘{(27]) ‘ 6Irls(zaj)j(zvj) - 1}‘

Torna orHOCHTE/IbHAA OMUOKA IIEPBOTO POJIa PaBHA

J (1, 5))Omis (4, J),

1—1]1

a OTHOCUTEJIbHAA OIINOKa BTOpPOIr'o pola paBHa
E2 ZZJ { j j(Z,]))(SInS(Z,j>

CD}/'HKHI/IH OIINOKU onpene/dercd Kak CyMMa OTHOCUTEJIbHBIX OIINOOK IIEepBOIr'o U BTOPOI'oc poaa:
E - El + EQ .

B manHOM reHeTHYecKOM aJIrOPUTME 0COOb — 3TO BEKTOP, COCTOSIIHUI U3 TpexX mapaMeTpPoB
anroputma: v = (a, b, Pnopor)T Ormenka KadecTBa 0COOHU IPOU3BOAMIACh Ha Habope u3z M = 10
n306pazkenuii ¢ sKcrepTHol pazmerkoii sartenenuit: Z = {1, }M_, 1. e. bynxuus kavecrsa ocobu
OIPEJIEISLIACH KaK CPEeIHsIsl TOYHOCTD aJropuTMa Ha M300parkeHus X u3 L:

a 1 M
f(v):f pb :MZ(l_E(Imyaabypnopor))y
nopor m=1
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071

Puc. 3 3aBucumoctb MakcuMaIbHON (YyHKIINN Ka9eCTBA B MOIYJISIMA OT HOMEPA ITOKOJIEHUS

riae E(I,a,b, P) — 3nadenue (byHKIMU OMMUOKU ajroputMa ¢ mapamerpamu (a,b, P) Ha u306-
paxkenun [. CeJieKIus BBIIOJIHSIIACH METOIOM PYJIETKH, T.€e. BEPOATHOCTH BBIOOpa 0cobu v
B KaueCcTBe POJUTEIs IPONopIonanbaa f(v).

B remermueckoM ajaropurMe HCIOIB30BAJINCH CJIEAYIONINE NeHETHIECKHE OIePATOPHI:

® CKpelluBaHue:

a a2 r(ay,az)
vow=b|®(b|={rb.b) |,
P P r(Py, Py)
rie r(z,y) — ciaydaiinasi BesmuuHa (pacupejesernas no bepuysum):
( 1
€ C BEPOATHOCTBIO p = § ;
1
r(z,y) =14y C BEPOATHOCTBIO P = 3 :
Tty 1
C BEePOSITHOCTBLIO P = — ;
\ 2 3
® MyTallus:
( 2
v C BEPOATHOCTBIO p = 5 :
1
a (r1,b, P)Y ¢ BepoarnocThIo p = 5
P (a,71,P)' ¢ BeposTHOCTBIO p = 5
T 1
(a,b,7)" ¢ BeposrTHoCTBIO P =
\

rje 1, — JUCKpeTHas clydaiiHasi BeJIMYMHa, PABHOMEPHO pacrpejesentas Ha [1, 15]; ry —
HelpepbIBHAS CJIyvaiiHas BeJMINHA, PABHOMEDPHO pactpe/enennas Ha [0,6, 1|. Beuio mpose-
JICHO BhIYucjenue 15 nmokosenuit mpu pasmepe mnomysranuu B 10 ocobeit. Ha puc. 3 npusenen
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rpaduK 3aBUCUMOCTU MaKCUMAaJIbHOW (DYHKIIUNM KadecTBa B IOIYJIAIUNA OT HOMEPA ITOKO-
JIEHUsI B TIPOIIECCE BBIMOJHEHUS] MeHEeTHYECKOro ajropurMma. Jlydireir ocobbio B Ha9a/IbHOM
HOILYJIAIAN SIBJIIETCs BEKTOP vy = (5, 5, 0,7)T.

B pesynbrate paboThl reHeTHYeCKOro aJrOpUTMa, MOy YeHbl CIeIyIoNne TapaMeTphl:

a 10
vi=1bl=| 7 |; f(v)=0,664.
P 0,85

CTpOFO T'OBOp4, yTBEP2XKIaTh, 9TO JaHHbBIEC ITapaMETPbIl ABJIAIOTCA OIITUMAaJIbHBIMHA, HEJIb34,
OJIHAKO Ha puC. 3 BUIAHO, uTo f(v*) Gosbiie, uem f(vg), T. €. MOAO0p HapaMeTPOB MeHeTUIECKUM
AJICOPUTMOM YJIYUIIUJI PE3YJIbTAT. DTO TaK¥Ke BUHO HA MMCTOrpaMMax Ha puc. 5 (eM. pasi. b).

5 BbluncnntenbHblii 3KCNEPUMEHT

Mertoj; Ob1L1 peasn3oBaH B cucreMe Matlab, Ko peanusanum HaxXoauTcsd B 0OOIIEM JOCTY-
ne [10]. K coxasennio, BO3SMOKHOCTH CPABHUTH PE3YJILTATHI C PE3yIbTaTaMi JPYTUX METOJIOB
[IOKa HET, BBUJLy OTCYTCTBUs pa3MeUeHHbIX 0a3, Ha KOTOPBIX IMOJIyYEHbI PE3YJIHLTAThI JIPYTUX Me-
TozioB. JlaHHast peanusarust MeTo/la Oblla IporecTupoBana Ha 6aze uzobpaxkenuit CASIA [11]
C 9KCIIEPTHOMN Pa3MeTKOI IpaHUI] DALy KKK, HE3ATEHEHHOI'O CEeKTOPa 1 obJ1acreli 3arenenus (Jijis
olleHKH omubKm). AjropuT™ 3amyckaicd ¢ napamerpamu: vy = (5,5,0,7) u v*.

[Ipumepbl BbIBO/IA aJTOPUTMOB C ITapaMeTpaMy Ug U v* Ha OJHOM U TOM YK€ M300parKeHun
npusejienbl Ha puc. 4. Ha puc. 4 nmokazanbl JiBe TPoOIEeMbl aJITOPUTMA.:

1) Ha n300pazkeHUsIX BUJICH IIYyM (HEKOTOPBIE OT/ICJbHBIE TOUYKH DALy KKI KJIACCUDUITIPYIOT-
sl KaK 3aTeHEeHUs] U HaobopoT);

2) cymiecrByeT mpobJieMa ¢ PAaClo3HABAHUEM BEK — 4YaCTh BEPXHEIO BEKA MAaJIO OTJIMYAETCsI
OT PalyKKH.

(a) ITapamerpsr vy (6) Iapamerpsr v*

Puc. 4 Pezysnbrar paboTsl ajropuTMa Ha pa3indHbIX HabOpax IapaMeTpOB

s KoMIeHcanuu JJAHHBIX HeJOCTATKOB aJIlOPUTMA IIPUMEHSLIACh MOPQOIOrnIecKas MOCT-
obpaborka. K jornueckomy m300parkeHHUIO BBIBOJIA AJTOPUTMA MPUMEHSJINCHh (DUIBTPBI 3aMbl-
KaHus U pa3MbikaHust. UIbTPbI CIUTAINCH B OKHAX 7 X 7. TOYHOCTH aJlropuT™Ma yBeJINIuIach
rocJjie mpuMeHeHus: (pUabTpa, TO BUJHO HA pUC. H—8.
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E

Kou-Bo 1300p., 00pabOTAHHBIX C OIIHOKO!
Kon-Bo n300p., 06padoTaHHbx ¢ omudKoi E
Ko-Bo 1300p., 00padOTAHHBIX C OIIHOKO!

o 01 02 03 04 E‘ 08 07 08 09 1

04 % 08 07 08 09 1 o 01 02 03 04 E‘ 0 07 08 09 1

(a) Mapamerpsr vy; E = 0,524 (6) Tlapamerpur v*; E=0,344  (6) Iapamerpsr v* + dbumbrp; E =

)
0,286

Puc. 5 I'ncrorpaMmbr omubOK JIsT pa3InIHBIX MOIANMUKAIINAN aJTOPUTMA

Ha puc. 5 mpejcraBiieHbl THCTOrpaMMbI  pacipejiesiennss (HYHKIIMOHAJIOB KadecTBa F
JUI KaxkKJI0f m3 umccsjeayeMbix Mojaudukamnuii ajaroputMoB Ha 500 m300pakeHusIX u3 Oa3bl

CASIA [11].

CrouT TakxKe 3aMETUTh, 9TO B IKCIEPTHON paszMeTKe 3aTEHEHU He YUIUTBHIBAIOTCA OJIMKM,
B TO BpeMs KaK JIAaHHBII aJroputMm Kjiaccudunupyer OJUKKA Kak 3aTeHennd. Ha HeKOTOPBIX
n300paKeHUAgX 3TO MPUBOJIUT K 3aBEJIOMO 3aHUKEHHOM OIEHKE TOYHOCTU PACIIO3HABAHUS.

asnee npuBejieHbI TpU IpuUMepa pabOThI aJrOpUTMa € HapamMerpaMu v* u NpUMEHEHUeM
duibTpa.
ITpumep 1. Ha puc. 6 nokaszanbl pe3yabrarhl paboThl ajaropurmos Ha daitte 2003R05.bmp
u3 6a3br CASITA, uzobpakernroM Ha puc. 6, a. Pesynbrar ;10 npuMenenns (hpuibrpa m300parkeH
na puc. 6, 6. Pesynbrar nociie npumenenus puibTpa nzodpaxken Ha puc. 6, 6. Bpems paborsr:
t = 12,7 c. Oynknusa ommbrm: £ = 0,102.

i = sl

(a) Ucxonnoe n3obpakenune (6) Pesysnbrar 6e3 duibrpa (8) Pesyabrar ¢ dubrpom

i

Puc. 6 Pesysbrarsr paborsl Ha nzobpaxkennn 2003R05.bmp us 6azsr CASTA [11]

ITpumep 2. Ha puc. 7 nokaszanbl pe3yiabTarhl paboThl aaroputmos Ha daitae 2007R01.bmp
u3 6a3er CASIA, mzobpazkennom Ha puc. 7, a. Pesynbrar no npumenenns duibTpa m300pazkeH
Ha puc. 7, 6. Pe3ynbrar nociie npumenenns puibTpa n3o0pazkeH Ha puc. 7, 6. Bpems paboThbr:
t = 10,3 c. Oyskmusa ommoku: £ = 0,156.

Marmmnanoe oby4yenne u anau3 gaHabix, 2015. Tom 1, Ne14.
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s

. : I = _ e = ._
e o e e ’;T'r | - g o ')-T" e 2 ?.T"'

(a) Ucxonnoe nzobparkenne (6) Pesysnbrar 6e3 dusbrpa (8) Pesyubrar ¢ dubrpom

Puc. 7 Pesysbrarsr paborsl Ha uzobparxkennn 2007R01.bmp u3 6azsr CASTA [11]

ITpumep 3. Ha puc. 8 nokaszanbl pe3yiabTarhl paboThl aaropurmos Ha daitie 2015R11.bmp
u3 6a3er CASIA, mzobpazkennom Ha puc. 8, a. Pesynbrar no npumenenns dbuibTpa m300pazkeH
Ha puc. 8, 6. Pesynbrar nociie npumenenus puibTpa n3o0pazkeH Ha puc. 8, 6. Bpems paboTsbr:
t = 10,7 c. Oyukiusa omubdkn: F = 0,484. B sroM npumepe ceKTop S COEPKUT 3aTEHEHUS W,
KaK CJIeJICTBUE, aJITOPUTM HEe PACIIO3HAJ PECHUIIbI, OJIHAKO TeM He MeHee PAaCIO3HAaJ BEKU.

(a) Ucxonnoe n3obparkenne (6) Pesysnbrar 6e3 dusbrpa (8) Pesysubrar ¢ dubrpom

Puc. 8 Pesysbrarsr pabors! Ha nzobparxkennn 2015R11.bmp u3 6a3sr CASIA [11]

6 3akn4veHue

[IpencraBien MeTo, MO3BOJISIIONINN ¢ BBHICOKON TOYHOCTHIO BBIJIEIATH OOJIACTU 3aTEHEHUs
paykku. OCHOBHOE IIPEUMYIIIECTBO METOJIa COCTOUT B TOM, YTO OH ABJIAETCS TIOJTHOCTHIO aBTO-
MaTHUYEeCKUM U He TpeOyeT PydHOil pa3MeTKu Jijis oOydalorieii Bbibopku. Takrke OTiInIuTe IHHON
4epToil ABJIgETCA TOT (PaKT, UTO METOJI CTPOUT HOBBIH KJIaccuUKATOP I KazKJI0ro N300pazke-
HUsl, 9YTO o0ecrevnBaeT cTabuIbHOCTDL PAOOTHI Ha M300parKeHUAX ¢ PA3HOI CTPYKTYPOil pajy K-
KU U ¢ pa3Hoii oceerieHHoCThI0. CKOpocTh paboThl MeTo/la HeBenKa (CpejHee BpeMst paboThI
Ha ozxHoM m300pazkenun Ha BoiObopke CASIA [11] cocrasiser 10 ¢), 0O1HAKO 9TO BPeMsI MOXKHO
YMEHBIIUTH, UCHOJIb3Ys O0Jiee OBICTPDLIE SA3BIKUA ITPOIPAMMUPOBAHUS.
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Detecting visible areas of iris by qualifier
of local textural features:
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Moscow Institute of Physics and Technology, 9 Institutskiy per., Dolgoprudny, Russia

Dorodnicyn Computer Centre of the Russian Academy of Sciences, 40 Vavilova st., Moscow, Russia

A person recognition by the image of the iris is an actual problem. To increase the accuracy
of recognition, usually areas of occlusion are detected in addition to locating of the iris as an
annular region. The problem of occlusion detection can be set as the classification of pixels
from annular region into two classes: “iris” and “occlusion.” In the annular region, the segment
with minimum dispersion of brightness is selected, which usually contains no occlusion (in
this article, this segment is not calculated and supposed to be a part of the input data).

*This work was done under financial support of the Russian Foundation for Basic Research (grant 15-01-05552)
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Then, a classifier based on multivariate Gaussian is built and after that, it is trained on
the training set, which is set by local textural features of the pixels from this sector. The
parameters of the classifier were optimized using genetic algorithm. The problems with noise
and errors of classification in particular areas of the image are solved by applying morphological
postprocessing. A computational experiment was carried out and it allowed to obtain the
distribution of the functional of quality of the algorithm.

Keywords: image processing; pattern recognition; biometric identification by iris
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2-cnmMmnnekc npn3Mma — KOrHnTmBHOE CpeacTtBO NMPUHATUA

N 00OCHOBaAHUSA peLleHnii B UHTesNIeKTyasIbHbIX
ANHaAMKNYecKnx cucremax:

A. E. Anxoscras'?>*, A. B. Amwanos*, H. M. Kpusdiox®
ayyankov@gmail.com, yav@keva.tusur.ru, skratnat@gmail.com
! TomMcknii rocyIapCTBeHHBIH APXUTEKTYPHO-CTPOUTEIbHEIH yHIBepcuTeT, Poccns, r. ToMck,
wi. CosstHast, 2
2Tomckuii rocymapeTsennblii yausepcutet, Poccus, r. Tomck, np. Jlennna, 36
3Cubupckuil Tocy1apCTBEHHbIN MeIUIUHCKI yauBepeutet, Poccnus, . Tomck, MOCKOBCKUIT TPaKT, 2
4TomMcKuit TOCYJaAPCTBEHHBI YHIBEPCUTET CHCTEM YIIPABJICHHS U PAJIHOdIeKTPOHIKH, Poccns,
r. Tomck, np. Jlenuna, 40

s paga mpobieMHBIX W MeKIUCIUIIITHAPHBIX OOJIacTell, TAKNX KaK MeJHUInHa, OuoMe-
JIAIIIHA, 9KOI'€OJIOIHsl, 0Opa3oBaHue, JOPOXKHOE CTPOUTEIBCTBO, BIIEPBBIE B HHTEJIEKTYaIbHBIX
JUHAMHIYECKIX CHCTeMaxX IIpejjlaraeTcs JJId NPUHATHA W OOOCHOBAHHSA DPEIIeHUil IPUMEHSTH
OpUTI'HHAJIbHOE KOTHUTHBHOE CPEJICTBO — 2-CUMILIEKC pu3My. Vnest IpuMeHeHus n-CUMILIEKCOB,
TeopeMa JJIA NPUHATHAA U OOOCHOBAHH: PEINEHHI Ha OCHOBE N-CHMILIEKCOB U HCIOJIb30BaHUe
ee B uHTe/UIeKTyabHbIX cucremax (MC) suepsbie npeoxensr A.E. fukosckoit 8 1990 r.
OmnuceiBaeTcs NpUMEHEHNE 2-CHMIIJICKC IPU3MBI JJId IPUHATHAA 1 000CHOBAHU:A PEIICHU B WH-
TeJIEKTYaJIbHBIX TUHAMIYECKIX CHCTeMaX, OCHOBAHHBIX Ha TECTOBBIX METO/IaX PACIIO3HABAHUS
00pa30B, HEYETKON U IIOPOTOBON JIOIHKAX.

KitroueBbie cjioBa: 2-CuMniekc npudma; n-CuUMNAEKC; K02HUMuBHoe Cpedcmeo; npurAmue pe-
weruli; 060CHOBAHUE PEWEHUT,; UHMEANEKTNYGALHDBIE CUCTNEMbL; UHMEAACKMYANLHBLE OUHAMU-
yeckue CuCmembl; Mecmosvie Memodvl PacCno3HABAHUSL 00Pa3068; HEYeMmKas A02UKA, NOPO206aAI
N02UKG; 00AGCTNU NPUMEHEHUSA 2-CUMNAEKC TPU3MDL

DOI: 10.21469/22233792.1.14.04

1 Bsepetnne

Korautnsnas rpaduka Kak HAy9IHOE HAIIPABJIEHNE, CBI3aHHOE C IIPUHATHEM U 0OOCHOBAHU-
eMm pemiennii B IC, nadana passuBarbes ¢ 1970-x rr. 3HaUNTEIbHBIA BKIA B pa3BUTHE KOI'HU-
tuBHBIX cpecTB Biecan R. Axelrod [1], R. G. Basaker u T. L. Saati [2], [. A. ITocuenos [3,4],
. A. Iocnenos ¢ coasr. [5], A. A. Benkun |6, 7], B. A. An6y u B. ®. Xopomesckuii [§], B. A. Ko-
6punckuii [9], A. E. flukosckas [10], A. E. fnkoseckas ¢ coasr. [11,12].

Pacrymuit uarepec Kk pazpaboTke U UCHOIB30BAHUIO TpUKIaIHbIX VIC cTuMyaupyer crpoc
Ha co3jaHne rpadUIecKnx, BK/IIOYast KOTHUTHBHBIC, CPEJICTB BU3YAJIU3AINNA PA3TUIHBIX HH-
(GOpPMAaIMOHHBIX CTPYKTYP, BBISIBJICHHBIX 3aKOHOMEPHOCTEH, & TaKyKe IMPUHATHA U 000CHOBAHUS
pemennii. ['pacdudeckne nzobparkenus Ha SKpaHe KOMIIbIOTEpa YIPOIIAIOT BOCIPUATHE U TI0-
HUMaHUE 3aKOHOMEPHOCTEH B JJAHHBIX U 3HAHUSX.

B nacrosiee BpeMs cpeicTBa KOTHUTUBHOM IpadUKH IMITUPOKO MCIIOIB3YIOTCS B PA3TUIHBIX
NC s periennsi pa3sHooOpa3HbIX 33484 I TPOOJIEMHBIX U MEXKIUCIUILIMHAPHBIX 00/IacTell:
MeJINIIHA, 00pa30BaHue, T'e0/IOTHs, IPOEKTHPOBAHNE, PaIN0dICKTPOHUKA, COIHMOJIOI TS, TICHXO0-
JIOTHSI, TICUXUATPUS, SKOOMOMEIUIIHA, dKoreojorusd u jap. CpegacrBa KOrHUTHBHON rpadukn

*Pabora noguep:kana rpanramu PODPU (mpoextor NeNe 13-07-00373, 13-07-98037 u 14-07-00673) u gacrudno
PIH® (mpoext Ne13-06-00709).
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IITIPOKO MIPUMEHSIIOTCsI B pasnoobpas3ubix VC: mis anamn3a nH(GOPMAIIMOHHBIX CTPYKTYD, BbI-
SIBJIEHUsT PA3JIMIHOTO POJa 3aKOHOMEPHOCTEH B JAHHBIX M 3HAHWAX, IPUHITHA U 00OCHOBAHMSA
[IPUHSTHSA Pe3yJIbTaTOB PEIIeHNs; B MHTEIEKTYaIbHBIX 00yJalole-TeCTUPYIOMNX CUCTEMAX:
JUI BU3yaJIU3alliid U IIPOTHO3UPOBAHMA PE3Y/ILTATOB IIPOIecca OOyUIeHUs, I OIMTHMU3AIIN
y4ae0HOTO IIpoIiecca U JIp.

Becbma akTyaJIbHBIM SIBJISIETC MPUMEHEHNe KOTHUTUBHBIX CPEJICTB /IS aHAIN3a U BU3YaJIU-
3alliU JIUHAMUYECKUX IIPOIECCOB IPHU IMPUHATUU U obocHOBaHUU perneHuit. Hampumep, mnpero-
JIaBaTeIF0 HEOOXOIMMO YIUThIBATH I0OJIyUEeHHbIE PECIIOHIEHTaMK B X0Jie 00yUeHUs Pe3y/IbTaThl,
JIJTsT TIOCTAHOBKHU MTOTOBOM ONEHKH WJIM BPady JJId OTCICKUBAHUS OCYIIECTBJIECHHBIX MEPOIPH-
ATUN B XOJ1e JIeUeHUsI TAIlneHTOB B IeJIsIX YCIIeIHOro JiedeHusi. [IpuMeHenne KOrHUTUBHON I'pa-
GUKN pU TPUHATHU PEIIEHUN CYIIECTBEHHO YIIPOIIAeT aHaIu3 UH(MOPMAIMH U CIIOCOOCTBYET
MIPUHSATHUIO ONTUMAJILHOTO PENTEHNSI.

[Ipemnaraemast CTaThbd SIBJAFAETCS MPOJIOJIZKEHUEM HCC/ICI0BAHNSA TPUMEHEHNS KOTHUTUBHBIX
CPEJICTB, OCHOBaHHBIX Ha n-cuMmiutekce [13,14]. HecomreHHBIM TperMyIecTBOM KOTHUTHBHBIX
CPEJICTB, OCHOBAHHBIX HA N-CUMILIEKCE, SIBJIA€TCS MHBAPUAHTHOCTH K IIPOOJIEMHBIM OOJIACTSIM.
OTrmeTnM, 9TO 11e/1ecO00PA3HO CO3JIaHNe CPEJICTB KOIHUTUBHON IpaUKN ¢ UCIOJIH30BAHUEM CO-
BPEMEHHBIX TEXHOJIOIUI U ¢ yueToM Beex JocTynHbiX miardopm: desktop-nipuioxkenust (Tipuio-
JKEHMUsI JIJIsl HACTOJILHOT'O MEPCOHAIBHOTO KOMITBIOTEPA ), IPUJIOXKEHUST JIJIsi CMapTHOHOB U ILIaH-
meros, WEB-mpusoxkennus.

Hwxke omnmchiBaloTcst MaTeMaTHIeCKUE OCHOBBI IIPEJCTABJICHUSA WCCJIELYEeMOTO OObEKTa
B 2-CHMILJIEKCE U OCHOBBI IIPEJICTABJICHUS MCCIIEyeMoro o0bekTa (Tporiecca) Ha 6a3e 2-CHUMILIEKC
[IPU3MbBI; TPUBOJIATCS PUMEPHI TPUMEHEHUS 2-CUMILICKC NMPU3MbI B pa3pabOTAHHBIX, a TaKkKe
paspabarbiBaembix VC; nipeiaraiorcs gaabHERINe HAITPABICHIS UCCIeI0BaHUIA.

2 MaTtemaTnyeckne ocHoBbl NpeacTaB/IEHUA UcCCienyemMoro obbekTa
B 2-CUMMNJIEKC Npu3me

B ocnoBe npunsiTHs 1 000CHOBaHUA pelleHMil, a TakxKe rpaduyuecKkoil BU3yaIn3aluud pa-
BUJILHOT'O N-CUMILIEKCA JIEKUT CIIe/IyIolnas TeopeMa, chopMmyiupoBantas B [15, 16].

Teopema. /[y mo0060ro nabopa 0JIHOBPEMEHHO He PABHBIX HYJIIO YHCET (1, A, - - - 5 Gpi1, TJIE
N — Pa3MepPHOCTDb IPABUIHLHOTO N-CUMILIEKCA, MOYKHO HANTH OJIHY U TOJIBKO OJIHY TaKyiO TOUKY,
910 hy t he @ -+ i hpyy = @yt Gy @ -+ 1 Qpyq, THE By, (0 = 1,...,n + 1) — paccrosiHue 3TOit
Touku J1o i-it rpanu |15, 16]. Koadpdurmenr a;, (i = 1,...,n + 1) npejcrasisier coboii cremneHb
YCJIOBHO# OJIM30CTHU UCCIIETYEMOT0 00beKTa K i-My 00pasy.

DTa Teopema HCIOJIb30BAJIACH MIPU ITOCTPOEHUN 0o0Jiee UeM TPUIATH MPUKJIAIHBIX UHTEJ-
JICKTYaJIbHBIX CUCTEMax W TPEX MHCTPYMEHTAJLHBIX CPEJCTB, NMPEAHA3HAYCHHBIX JJIS BBIAB-
JICHAA Pa3/IMYHOI0 POJia 3aKOHOMEPHOCTEH W NPUHATHSA JUArHOCTUYCCKUX, OPTaHU3AIMOHHO-
YIPaBJIEHIECKUX U KJIAaCCHMUKAIMOHHBIX PEIIeHU, JIJIsi TPUHATUS PEIeHns U 1X 0OOCHOBAHUS.

Jajiee mpuBejieM COOTHOIIEHUsT MeXKJly Kod(MduimeHTaMn U BbICOTaMH JIJIsl 2-CHUMILIEKCA.
[TockobKy 2-cuMILIEKC 0b6JIaaeT CBOMCTBOM MOCTOSIHCTBA CyMMbI paccrosHuii (h) w3 Jio-
00lf TOYKH JI0 ero rpaHeil u CBOHCTBOM COXpPAHEHHUs OTHOIICHUN MEXKIy TUMH PACCTOSHUSIME
hy : a; = hg : ap = hs : az, T0 paccrosguus hi, hg, hy OT TOUYKN JO CTOPOH TPEYTrOJHHUKA BbI-
YHUCIISIOTC HA OCHOBe Ko dunumenToB a;(i € 1,2,3) u oneparyun HOPMAJIH3AIMA UCXOJs U3
CJCIYIOIINX COOTHOIIICHUMA:
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Korautunsnoe cpejicTBO 2-CHUMILIEKC TPU3Ma IMPEJICTaBIsgeT cob0il MPaBUILHYIO TPEYTroJib-
HYIO IPU3MY, COJIEPXKAIINYI0 B OCHOBAHHAX U Cpe3ax 2-CHUMILJIEKCHI, 3a(UKCUPOBAaHHbIE B KOH-
KpeTHbIe MOMEHTBHI BPeMeHH. B 1e/IgX BBIUUCIEHUS PACCTOSHUS OT OCHOBAHUS IMPU3MBI JIO
2-cumiuiekca ho BBeJEM Creyolue mapameTpbl: Hy — BbIcOTa 2-CUMILIEKC ITPU3MbI, 3a/1a-
BaeMas II0JIb30BaTEIeM U COMOCTABJICHHAs ITPOJOKUTETLHOCTA UCCIIEIOBAHUS;, t — MOMEHT
dukcanuu napamMmeTpoB UCCIETyeMOro O0beKTa; T, — MOMEHT MepBoil (pukcarm napamer-
POB HccIelyeMOro 00beKTa; Ty — MOMEHT IOcje Hell (bUKCAIMHN TapaMeTPOB HCCIIEyeEMOTO
obbekTa. Paccrosraue hy BeIAmcasgeTcs 10 cieayroleit dhpopmyite:

t— Tmin

ho = Hy————.
? 2Crlrnax_frlrnin

3 TlMpumeHeHne 2-cumMmniekc nNpu3sMbl B PasNYHbIX NPOBIEMHbIX

obnacrtax
KOFHI/ITI/IBHOG Cpe,ILCTBO 2—CI/HVIHJIGKC HpI/ISMa Hpe,ILHaSHaHeHO JJIA HpI/IMeHeHI/IH B paBJH/ItIHI)IX

IPOOJIEMHBIX U MEXKJIUCIUIIMHAPHBIX 00/1acTaX. PaccMOTpUM MpUMeEPHI IPUMEHEHUsT 2-CHMII-
JIEKC TIPU3MbI B Pa3JU4IHbIX 00JjacTsx: (1) JAMATHOCTUKM W MHTEPBEHIMH OPraHU3allHOHHOIO
crpecca (OC); (2) sKempece-uarHocTuKu 1 MpoUIaKTHKE jernpeccui; (3) obpa3oBaHUM.

Pacemorpum ipumep guaraoctukn u naTepBeHimn OC ¢ UCIOIb30BAHIEM 2-CUMILIEKC TTPU3-
mbl B IC skcnpece-muarnoctuku u uaTepserimn OC (JIMOC) [17], ocnoBanHoit Ha njee Tpex-
CTYIIEHYaTON JMArHOCTUKKA U BBIOOpPA MHTEPBEHIMU Ha 0a3e CKOHCTPYHPOBAHHOTO aBTOPAMMU
onpocuuka [17,18] o kaxmoit u3 tpex craguit OC (1 — Hanpsikenusi; 2 — ajanTtanum; 3 —
UCTOIIEHUsT) U Oa3upyeMoil Ha MOpOroBoil u HedeTkoil jorukax [19,20]. Unes Tpexcrynenya-
toit nuaraoctukn OC 1mo3BoJisieT B Oojiee KOPOTKHE CPOKHU OKa3bIBATH AudhepeHIInPOBAHHY IO
nomorts pu Hajanauu OC y obciiemyemMbIx.

s sxcpece-auaraoctukun OC UCIOMb3yeTcsi OMPOCHUK, BKJIIOYAIOIIII BOIIPOCHI 110 TPEM
cragusiv OC: 1 — nanpsizkerus (Bo30y»K/IeHusl); 2 — ajanraiyuu (COXpaHeHUsl SHEPIun); 3 —
ucronienus. B ocHose onpocuuka jexkut kounenwyst 1. Cenbe [21]. B 1-if u 2-it craqusix ucmosib-
syercst 7 npusHakoB (cumiToMoB) jis Bbigsiaenus OC; B 3-if craguu — 8 NPU3HAKOB, TPUYEM
KOJINYECTBO 3HAUEHUI KaxKJI0ro npusHaka pasHo 5 (Hukorga — 0; peako — 0,25; unorga — 0,5;
gacro — 0,75; mocrostHHO — 1).

[Tocyie npoBejieHNsT TeCTUPOBaHUS CUCTEMa 0OpadaTHIBAET AHKETY UCCJIE/IyeMOrO U BBIIAET
pesyabrarel guarsoctukn OC mo kaxkoit u3 crajumii. [lomydennbie pesyibTaThl MepeIal0OTCst
B MOJLyJIb KOTHUTHUBHOI rpacduku. B ciaydae ecim He IpeycMOTPEHO HCCJIEIOBaHNE JTUHAMUAKH
pazButust OC, TO /st IPUHATHA U 0OOCHOBAHUS MCIIOJIH3YETCsI KOTHUTUBHOE CPEJICTBO 2-CHMII-
sekc. Ecmm neobxommo HaO/IIOAEHNE B JIMHAMUKE 338 00C/I€/lyeMbIM, TO MCIIOJIB3YETCS 2-CHMII-
sgekc npusMa. Orobparkaemasi HUHAMHUKa pe3yabraroB 1o amarHocruke OC ¢ mpuMeHeHneM
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2-CUMILJIEKC TPU3MbI [IO3BOJISET ONPEJIEUTh CTeleHb OJIM30CTH K TOMY UM HHOMY JIMAarHO3y Ha
KaxKJIOM dTalle JIeICeHHs.

2-CUMILIEKC TIPU3Ma OJHOBPEMEHHO OTOOpazkaeT TOJbKO Tpu obpasa, omnako MC AMOC
BosiBysieT Kak 3 cragun OC (Bo30OyK/IeHNs, aalTallisi, NCTOIEHNE), TaK 1 OTCYTCTBHE CTPEC-
ca. B cBs13u ¢ 3mUM mpejiaraeTcs Jjisi 0TOOpaykKeHus JIMHAMUKH UCIOJIB30BATh JIBE 2-CUMILIEKC
[PU3MBL: TI€pBasi MpeHa3HaYeHa JiJId 0ToOpazkeHus quHaMukn st Tpex crajuii OC (puc. 1),
BTOpas — JIJIs OTOOparKeHus JIByX MepBbIX cTajuii u dpakra orcyrcrsus crpecca (puc. 2). Orme-
TUM, 9TO €CJIM y 00C/IelyeMOT0 UCTOPH Pa3BUTUsI OOJIE3HN YK/IABIBAETC B PAMKH JUAarHO30B,
COTIOCTABJIEHHBIX CTOPOHAM OJ[HOM U3 JIBYX 2-CUMILIEKC [IPU3M, TO IeJIECO00PA3HO UCIIOIb30BATh
TOJIBKO OJIHY IIPU3MY. TakzKe 3aMETUM, YTO B 2-CUMILIEKC IPU3ME UCIIOJIb3YIOTCs KOTHUTUBHBIC
CBOJICTBA, NPEICTABIEHHbIE IBETOBON MATUTPON I OTOOparKeHNst OIACHOCTH JIMArHO30B U CO-
HOCTABJISIEMbBIX UM 00Pa30B, HAIPUMED, KPACHBIM [[BETOM 0TOOpasKaeTCs caMast TaxKeJiast CTaIust
OC — ucromenne. Kpome Toro, mockoibKy puc. 1 1 2 HCIOJB3YIOT HEPCIIEKTUBHYIO TPOEKITHIO,
MOZKET CO3JIaThCsl OILYIIEHUe, YTO JTMHUK, COeJIMHAIONINE TOYKN U TPAHH, HE TIePIeH UK Y ISIPHBI
IPaHSIM.

[TpecTaBuM WILITIIOCTPATUBHBIN IIPUMED, KOIIa UCTOPUST PA3BUTHA OOJIE3HH HE YKJIAbIBAeT-
csl B PaMKH JIMATHO30B, CONOCTABJIEHHBIX CTOPOHAM OJHOM 2-CUMILIEKC IPU3MBI, a HEOOXOMMO
UCIIOJIBE30BATD J[BE 2-CUMILIEKC TIPU3MBbL. [Ipu 9TOM IIPOBEIEHO 5 TECTOB 110 ONPEJIEIEHUIO CTa-
qun OC. B nepBoit 2-cuMmIniekc mnpusMe 0ToOparKeHbl pe3yabTaThl 1-, 2-; 3- u 4-10 TecToB, BO
BTOPOIT 2-CUMILIEKC ITpU3Me 0TOOParKeHbI Pe3yIbTaThl 3-, 4- u 5-ro TectoB. Ha puc. 1 mpeacras-
JieHa 2-CUMILIEKC IpU3Ma, oToOpazkaromnias HepByI0 acTh JedeHus: 00CIELyeMOro co CTaJuu
ucrorienus (3) g0 cragnu Bo30OyxKeHus (1).

[Tepsorit Tect (17) BBIABUI y 00CIEIyeMOro CTa NN ajantanuu (2) i ucTommenns (3), mpuiaem
CTaJIusl UCTOIIEHUsT IPeodIalaeT HaJl CTajuell aJanTalid U CYIIeCTBEHHO Ipeobjiajaer Hajl
crajueii Bo3Oyxkaenusi (1). Bropoii Tect (T3) BBIABUI, 9TO GOJIE3Hb PA3BUBAECTCA OT CTAJUK
ucrorienus (3) k cragun aganramyu (2). Tperwit Tect (T3) BbIgBUI, 9T0 GOJIE3HL PA3BUIACH JIO
YPOBHSI, HAXOJIAIIErocs MexKjy crajueil aganraimun (2) u Bo30yxkuenus (1). Herseproiii Tect
(T4) BBIABUIT TIpeobsaianue craun Bo30yKaenns (1).

Bropas 2-cuMiuieke npusma (CM. puc. 2) 0ToOpazKkaeT IPOIece Mepexojia OT CTajul aIarl-
tanun (2) K orcyrcersuio crpecca (0).

[Lareiii rect (T5) BBt orcyrersue OC.

PacemorpuMm  orobpazkenne pesysIbTaToB TECTUPOBAHHMS KadeCTBa 3HAHUN PECIIOHIEHTOB
B MOJLyJIe MHTEPIPETAIMN PE3YyJILTATOB 00yJalolle-TeCTUPYIOMEeH CUCTEMBI ¢ UCIOJIL30BAH-

Puc. 1 Orobpazkenne pe3yabraToB deThipex TecToB guarHocTuku OC B 2-CUMILIEKC TIpU3Me
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Puc. 2 Orobparkenne pe3yabraToB msatu guardHoctuk OC B 2-CHMILIEKC [TpU3Me

€M OIIEHOYHBIX KO3(MDMUIMEHTOB, ONPEIE/ISIONNX HACKOJBLKO XOPOIIO PECIIOHJIEHT CIIPABJISET-
Cs C Pa3IMIHBIME 3aJaisIMI Ha OCHOBe crocobnocreii (HaBbIKOB) [22]. B paspabarsiBaemoil
aBTOpPaMU 00y JAIOIe-TeCTUPYIOIIEH cCucTeMe PECIOH/IEHT T0C/Ie N3y YeHns BLIOPAHHON JTUCIIHII-
JIMHBI POXOJIUT CMEIIaHHBIA AUATHOCTUYECKHU TeCT, IPEeICTaBJIAIONNNA coD0Oi ONTHMAIbHOE
codeTanne yCJIOBHON u 6e3ycIoBHOf cocrapisiomeil [23]. Bo BpeMst mPpOXOXkKIeHNsT CMEIIAHHOIO
muarsoctuaeckoro tecta (CAT) dopmupyercsa kapra geiictsuii pectiormenta (K/IP). IMoce
npoxoxkaeans pecriorgenTom CHT KJIP npoerupyercs B HabOOp O1eHOYHBIX KOIMDMDUITNEHTOB
Ha OCHOBE CJIJIYIONINX criocobHOoCTel (HaBBIKOB): (1) 3amoMuHanue 1 BOCIPOU3BeIeHne yIeOHO-
ro MarepuaJja B HeM3MEHEHHOM Bujie; (2) BOCIPOU3Be/IeHNe YIeOHOr0 MaTepuasia B H3MEHEHHOM
Bujie; (3) u3BJIeUeHNe HOBBIX 3HAHUI HA OCHOBE U3yUYEHHOTO yueOHOro Marepuasa; (4) perenue
HOBBIX 33149 U T. JI.

[Ipu pazpaborke KJIMEHT-CePBEPHOI MPOrPAMMHOM CUCTEMBI ¢ MYJILTUMEIUHHBIMUA BO3MOK-
HOCTSIMU TIeJIeco00pa3eH 1mepeBoj] Habopa OIMEHOTHBIX KOI(D(MUITMEHTOB B CJIEIYIONINe IT0Ka3aTe-
m: (1) perenne 3a/1a4, TPEOYIONIX GOJBIION COCPEIOTOUCHHOCTH; (2) pellleHne HeTPUBHAJIb-
HBIX 3a/1a4; (3) ObIcTpast 00yIaeMOCTh U 3HAHIE GOJIBIIONO KOJMIECTBA TEXHOIOTHIL.

OTmeTuM, ITO MPU OIEHKE CIIOCOOHOCTEH PECIIOH/IEHTOB Ha OCHOBE OIEHOYHBIX KO3 uIim-
€HTOB BO3MOKHA, CUTYallld, KOTJIa PECIOHJICHT OJIMHAKOBO BJIJICET WM He BJIaJleeT 3HaHUsI-
MU TI0 OIEHUBAEMBIM CIIOCOOHOCTSIM. DTO OTOOparKaeTcs KPyroM B IEHTPE 2-CHMILIEKCa, UTO
3aTPY/IHAET BU3YAJIHHO OINPEJIENThL 3HaUeHne rnokasareseil. C 1eabio pas/iesieHus STUX JIBYX
COCTOSIHUI MCIIOJIb3YeTCs 1IBETOBas WHINKAINS — HACBIIIEHHOCTD I[BETA JIJIT KPyra, 0ToOpazKa-
IOIIEro MPOXOXKIEHNEe TeCTa, COMOCTaB/IeHa HabPAHHOMY KOJIMYeCTBY 6asIoB 110 tecty (puc. 3).

Ha ocnoBe 2-cumriiekc mpu3Mbl IpeJjIaraeTcsa OCYIIECTBIATh aHAIN3 JTUHAMUKHA Pa3BUTHA
CIOCOOHOCTEN KAaK PECIOHEHTa, TaK U IPYIIILI PECIIOHIeHTOB. Vcrnomn3ys 2-CuMILIeKe Tpu3my,
KaK 1 Jiioboe rpaduveckKoe CpeJiCTBO, HEOOXOIUMO YYUTHIBATH, YTO OTOOPaXKeHue pe3y/IbTaToB
OOJIBITION TPYIIIBI PECTIOHICHTOB PE3KO YBEJIMYUBACT CJI0KHOCTH aHAJIU3A.

HpI/IMeHeHI/Ie 2-CHUMILTIEKC IIPU3MBI HE OI'PaHUYIUBaCTCAd BLIIICOIIMCAaHHBIMU IIPpUMEpPaMU.

4 3aknw4eHune

OHEM U3 BaKHBIX CBOMCTB OTOOpaskeHusi NHMOPMAIMH B 2-CUMILIEKC MIPU3ME SBJIAETCS
BO3MOKHOCTDb aHAJIU3UPOBATH JUHAMUKY TTOJIOXKEHUS UCCIIeIyeMOro o0beKTa Ha 3aJaHHOM Bpe-
MeHHOM MHTEPBaJIe, YTO MO3BOJILET MOJIb30BATE/IAM TPUHUMATH U 0O0CHOBBIBATH ITPUHUMAEMbBIE
pelenusi, aHaJIM3UPys U3MEHEHUE MTapaMeTPOB UCCIEyeMOr0 OObEKTA.
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Puc. 3 [Ipumep ucnoib30Banus 2-CUMILICKC IPU3MBI JjIsI 00YIaionie-TeCTUPYIONIUX CUCTEM

[IpuMmenenne KOrHUTHBHBIX CPEJICTB IE1€CO0OPA3HO I 000N TTPOOJIEMHON M MEXKTUC-

IUATLTHHAPHON 00J1aCTH, B KOTOPOW HEOOXOIMMO ITPOBOJIUTH IMPUHATHE U 0OOCHOBAHUE PEIICHUS
06 OTHOIIIEHUHU UCCIIEyeMOro 00beKTa K TOMY WM MHOMY 00pasy (Kjaccy) B (bUKCHPOBAHHDIMH
MOMEHT BPEMEHU UJIU Ha 38/IAHHOM IIPOMEXKYTKe BpeMeHu. B oryinane oT panee pa3paboTaHHBIX
KOTHUTHBHBIX CPEJICTB, OCHOBAHHBIX Ha N-CHMILIEKce |24, 25|, 2-cuMInieke mpusMa IMo3BOJIseT
UCCJIEJIOBATH OOBEKT JTUHAMUYIECKU Ha 33/IAHHOM IOJIb30BaTe/IeM BPEMEHHOM MHTEPBAJIE.
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presents a method for recovery of changes in ratings of student employees. These ratings are
based on interviews at the information technology (IT) training center. A dataset consisting
of expert estimates for assessments for different years and overall rating for these students
is considered. The scales of the expert estimates vary from year to year, but the scale of the
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1 Introduction

The paper presents a solution for the panel matrix recovery problem, where the panel matrix
is a multidimensional object—feature-year [1] matrix. The objects of the matrix are represented
by vectors containing different object features for several years. This algebraic structure is used
to recover the ranking model and estimate its stability: whenever the parameters of the model
remain stable in different years, is considered to be stable. The original dataset is represented by
the design matrix, namely, the object—feature matrix, which contains all the object descriptions
during all the timestamps.

The main goal of this paper is to develop an algorithm of panel matrix recovery and to
recover the ranking model. Let the panel matrix Z be the matrix, where the entry z;; is the
feature j of the student ¢ in the year ¢.

The problem of the panel matrix recovery can be found in the pattern recognition, when it is
required to recover the tracks of different targets received by sensors [2]. In this paper, another
application problem is considered that can be met in business-analytics: an employee selection
problem. The dataset containing expert assessments, which were received during the interview
at an educational I'T-center in 20062009, is considered. The purpose is to recover the ranking
model and to estimate the stability of this ranking model during all the years. It is proposed
to construct some generalized “portraits” of these students and to recover the panel matrix Z
based on these portraits. Note that in this paper, a special case of the panel matrix recovery is
considered when the features (answers from assessment) of the portraits remain stable and the
only elements that are changeable are the classes of students. The scheme of the panel matrix
recovery is shown in Fig. 1.
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/

A row corresponds to one student

A timestamp

The design matrix The panel matrix

Figure 1 The panel matrix recovery. The generalized student “portraits” that remain stable during
all the time are found and considered to be the panel matrix objects

The problem is stated as the multidimensional assignment problem. It requires to find a bi-
jection between object descriptions in different years. The main difficulty in solving this problem
is that the multidimensional assignment problem is NP-hard (nondeterministic polynomial-time
hard) [3]; therefore, it requires to use heuristic algorithms to solve it. There are several solutions
for this problem and related problems [4-6]. The papers [3,7] propose to use linear program-
ming and randomization algorithms. The methods proposed in the present paper are based on
a hypergraph construction. One can use a genetic algorithm [8]. As an alternative, the problem
is stated as the common min-cost max flow problem [9].

Define some terms that will be used for the dataset description.

Definition 1. A scale LL is an algebraic structure [10] with a fixed set of operations, relations,
and a fixed set of axioms.

Definition 2. A nominal scale C is a scale with a fixed binary relation:
1) z=yVar#y;

2) v,y:r=y=y=ux; and

3) vy, z:x=yANy=z=>x=2

where x, y, and z are the objects from the scale C: x,y, z € C.

Definition 3. An oridnal scale O is a nominal scale with a fixed relation:
1) zRu;
2) xRy NyRx = = = y; and
3) xRy NyRz = xRz

where z,y, z € Q.

Definition 4. A linear scale W is an ordinal scale with total order and addition and subtrac-
tion operations defined on it.

Definition 5. A ranking function f is a mapping from the object space X to the finite set of
classes Y with a total order defined on it [11].

The ranking model recovery problem can be met not only in the employee selection but
also in information technologies [12], agriculture [13], and energy management [14]. The type of
the ranking model recovery algorithm can be chosen with respect to the dataset scale [15-17].
In this paper, a pairwise dominating matrix algorithm is considered for the feature set with a
partial order defined on each feature [18]. Another algorithm considered in the present paper
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is an algorithm RankSVM, which is a generalization of a classification algorithm based on the
support vector machine (SVM) [19].

The ranking model is recovered by the dataset [20] containing students that attempt to pass
the interview at the educational center during 2006-2009. The data can contain missing values.
The dataset feature descriptions are shown in Table 1.

The expert proposes that each feature should give a positive contribution into the rating.
The higher score student gets the higher rating he receives according to the “bigger is bet-
ter” [21] principle. The nominal feature “Student’s interests” is not used in the ranking model
recovery, but it is used in the panel matrix recovery in order to cluster students. The expert also
recommends to round the feature “Student’s interests” in order to get three discrete values.

One of the steps of the panel matrix recovery is a clustering, which requires a distance func-
tion. This function determines how close to each other the students estimates are. A generalized
Heterogeous Euclidean-Overlap Metric (HEOM) function [22] and Heterogeous Manhattan-
Overlap Metric (HMOM) function [23] are proposed for a mixed-scale dataset (a dataset con-
taining linear, ordinal [24], and nominal scales). Extracting significant information from such
datasets is a challenging high priority issue for many organizations in the business analytics.

2 The problem formulation

In this section, a formal definition of the panel matrix Z and ranking model recovery problem
are presented.

Definition 6. The panel matrix Z is a matrix where the entry z;;; is the feature j (answers
from assessment) of student ¢ in year t.

The dataset contains the set of pairs of mixed-scale data:

© = {(x;,y;) : i € I}, the object index i € Z ={1,...,m},
X:[Xla"'axm]Ta Y €Y

with metric
d: XxX—=>R,

Table 1 Dataset feature descriptions

Feature Scale type Scale cardinality

Average score during university educa-
tion
Average score for the last term

Linear, W Rational number in [3;5]

Rational number, the cardinality

Acceptance preference (expert estimation) Ordinal, O )
changes during some years

Student’s interests: The experts used 3 discrete values

programming, . {programming, both, telecommunica-
telecommunication development, Nominal, C tion} in 2006; later, the experts used ra-
or both tional number

Students’ responsibility

Level of knowledge Rational number,

Motivation Ordinal, @ the cardinality changes during some
Student’s class — the final rating in the years

assessment
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where X = IL; x --- x IL,, is the object space; X is the object—feature matrix for the dataset;
x; C X; and y is the vector of classes for each object in dataset such that its elements are in Y.
In this paper, the generalized HEOM distance and HMOM distance functions are used as the
functions of d (see Egs. (12) and (14) below). Define a total order on the set of classes:

Y — {44177’44277’44377’44477’44577} (1)

where “17 < “27 < “37 < “4”7 < “57.

Let T = {t} be the set of timestamps of the estimations. In this paper, the set 7 contains
4 elements, corresponding to 2006-2009. Let X' be the matrix of the objects X of the year ¢.
Let D! be the distance matrix for all pairs of objects per year t:

t_ gt ot bt t
d;, = d(x3,%x,), x;,%, € X",

The panel matrix recovery procedure consists of the following parts:

11) a dendrogram constructing algorithm 0;

21) a clustering algorithm c;

31) a class recovery algorithm t;

41) a bijection recovery algorithm m that finds a bijection between cluster centroids M* of
different years; and

51) an algorithm a of averaging cluster centroids.

£y Tt M!
dt. dt. N

iJ 150

<>

2
S
Ne——————

Figure 2 Panel matrix recovery procedure

The panel matrix recovery procedure is shown in Fig. 2: for each year ¢, the algorithm ?
constructs the dendrogram T'. Then, calculate the optimal number of clusters N and the
algorithm ¢ proceeds clustering. For each cluster p from the set of cluster centroids M, the
algorithm v recovers its class §* € y'. After that, the algorithm m finds a bijection ¢ that
matches clusters from different years Y. As a result, get the panel matrix Z from the averaged
centroids M, which correspond to the student portraits, and the vector of recovered classes y*.

The algorithm ¢ clusters the objects of the dataset for each year t. Let M! C X be the set
of N cluster centroids for year ¢, M! = [py,..., py|T.

For each cluster centroid p, recover its class ;" € Y (1). Here, for this purpose, median
function has been used:

gy, = median{y; : cluster(x}) = k}

where cluster(x) is the function which returns the index of cluster that contains element x.
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Let the distance function be given by
p: XxX—=>R,. (2)

This function is used in algorithm m to find the mapping that satisfies criteria (5) and (4) (see
below). The distance function used as the function of p is also described below (15).

The algorithm m of the bijection recovery between clusters of different years finds the
permutation of cluster indexes:

o {1, N} = {1,... N} (3)

such that for each year ¢ the mapping is a bijection. Let use the distance function p (2) to
find this mapping. A set of cluster centroids is called Gy = [y, ..., 7] if it contains all the
centroids that ¢ returns k for them:

Gr = {p € X: p(index(p)) = k}

where index : M* — {1,..., N} is the function, which returns the index for each cluster.
Let us select ¢ that minimizes the following criteria:

1. The clustering criterion C¢: ¢ should minimize the average value of R where R is the ratio
from the average distance between objects p,, and p,, from cluster set Gy to the average
distance between cluster centroids Gy, and Gy,:

mean,,, .y, €de(“k1 ) y’kz)

meang,, .G, d(Gx,, Gx,)

Ce = meanger, nR(Gr), R(Gy) = (4)

2. The stability criterion Cs: ¢ should minimize the difference in classes g, and gy, of cluster

set Gy:
N
Cs=> " > | —0nl- (5)

k=1 py,, p, €Gr

The resulting optimization problem is the following:
¢ = arg min Cg;
p'ed
¢ = argmin Cs
'ed
where @ is the set of mappings from the index set {1,..., N} to itself such that for each

year t, the mapping is bijective.

As an averaging algorithm a, one gets averaged cluster centroids using the following function:

mean{; : p, € G} whenever L; is linear scale;
avg{fu,;} = < median{pg; : p, € G} whenever L; is ordered scale; (6)

mode{ g : b, € G} whenever LL; is nominal scale

where i € M is the averaged cluster centroid from Gj; and M is the set of averaged cluster
centoids. Let use M as an object set for the panel matrix Z.

As a result of the panel matrix recovery procedure, obtain the matrix Z that contains the
set of the averaged centroids M and the vector of recovered classes yl eyt
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Ranking model recovery
To solve the ranking model recovery problem, one should find a mapping:

f:X—=Y

which minimizes error function Q(X). In this paper, Kendall correlation coefficient [25] has
been used:
Q(X) =1 — KendallTau(y, y)

where y is the vector of classes which is returned for objects X by the function f; and the
Kendall correlation coefficient is

A0, ) Y > Yoo 0 > Ua}|

KendallTau =
m(m — 1)

1. (7)

3 Calculating optimal number of clusters

In the previous section, the number of clusters N was considered to be fixed. One can select
the value for N using expert estimates. The other way is to optimize the number of clusters
using heuristics. This section describes the optimization problem, which can be used as the
one way to find the optimal number of clusters N. Assume the number N of clusters remains
stable for each year from the set 7. The reason of this assumption is the wish to recover the
ranking model for each year of the panel matrix and to estimate correlation between rankings
of different years. If the number N differs for different years, this problem is incorrect.
Optimize the number of clusters N using dendrogram constructing algorithm 9.

Definition 7. The dendrogram T is a tree that is built using the distance matrix D which
shows the relationships between clusters.

Describe the dendrogram constructing method. Suppose one has a linkage algorithm:
A£:R+WXR+n—>XXX. (8)

It defines the pair of elements x; and x, to merge into one cluster p,. Let merge this pair and
then recalculate the distance matrix D? using information about the merged elements.

At the end of dendrogram constructing algorithm, one receives a tree T'. Its root contains
two last elements merged at the final step.

The example of dendrogram is shown in Fig. 3. The elements A, B, and C are clustering
until one cluster remains.

Theorem 1. For each N € {1,...,m}, a clustering with a set of N clusters is constructible,
where m is the number of objects.

Proof. Each step, the number of clusters is reduced by one. Therefore, after m — N steps, one
gets the set of clusters with cardinality equal to N. [

Let us construct the dendrogram ¥* for each year ¢ for optimal N calculating. The number
of clusters N is optimal whenever it satisfies the following criteria.

1. The uniform class criterion Cjy: the number of cluster centroids M of different classes
should be equal. NV should minimize the deviation of number of different classes of clusters:

Cu(M') = o{|M|,y € Y}

where |M{| is the cardinality of the set M with class y € Y; and o is the standard deviation.
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{4y (B} {C}

L

{4y {B,C}

|/

{A, B, C}

Figure 3 The example of dendrogram

2. Mixing class criterion Cy: the number of clusters N should decrease the difference of
classes inside clusters:

Cm(M') = mean,, emeo({y; : cluster(x;) = k}).

The number of clusters N should be less than or equal to the minimum number of objects
in the sets: N < m1%1 |X*|. Also, let construct a clustering that contains a representative of each
te

class; therefore, N should be greater than or equal to the cardinality of Y. The final formula
for the optimization problem is the following:

N = arg min(meanser (8 (M")));

N = g mnmeanicr (31 (M) ©
N >5 N < min|X.
teT

Some heuristics have been proposed to select N. Let us construct two dendrograms T,
for each year t. They use the linkage algorithms (8) Azs and Ay to estimate functionals dy
and 5E

In order to estimate Cy, let us use the following linkage algorithm:

Ay = arg min Dy ki, -
By s B, €M,

.....

Select a pair of the closest objects of the most common class (the class which has the most

number of representatives). Each step, the cardinality of the largest set M of cluster centroids

of the fixed class y has been reduced. The difference in cardinality between these sets decreases.

Therefore, the dendrogram T, is quite close to be optimal with respect to dy for the fixed N.
In order to estimate C'y, the following linkage algorithm has been used:

Appm = argmin  ||members(py, )| — [members (g, )||2,
ukl,quGMt,
|:’]k1 —gk2|:ma‘x

where members M! — 2X* are the functions that return a set of objects assigned to the cluster.
This linkage algorithm selects the pair (g, p,) of clusters with the largest difference in classes
and with the smallest difference in cardinality. Each step, the difference in classes inside some
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cluster has been maximized; therefore, the dendrogram is quite close to be the worst with
respect to 07 for the fixed N.

To find a compromise between two criteria Cy; and C)y, these criteria for each N have been
estimated and ranked. Consider the optimal number of cluster gets minimum of these ranks:

N = argmin(rank(Cy, N) + rank(Cpy, N))
N

where rank is the function that gives rank for each estimation for current V.

4 Distance functions for mixed-scale data

In this section, distance functions are described for different scale types — linear (10), ordi-
nal (11), nominal (13), and mixed (12) and (14). The distance function for mixed-scale dataset
is proposed below.

4.1 Distance function for linear-scale data

Consider the generalized distance function for a linear-scale dataset:

1/(2p)
(i %) = (% = x,")" Sk = x,7) (10

where p is the number; S is the symmetric nonnegative definite matrix (for example, identity
matrix I); and exponentiation is proceeded per component: x? = [, ..., 22|T. The Euclidean
metric corresponds to this formula with S =1 and p = 1:

n

r(x,%Xq) = Z(Xz - Xq)Q)l/Q‘

i=1

The Manhattan distance corresponds to this formula with S =1 and p = 0.5:
(X, Xq) = Z |x; — X4/
i=1

4.2 Distance for ordinal-scaled data

Define matrix functions H’* and H’~ for projection the object set X on feature j where the
scale L; is ordinal. Each component of vectors Hfr and H™ determine the order between
feature j of object ¢ and other objects:

(HA]-JF) _ 1 whenever z;; > x;;
] o
! 0 otherwise;

(H~j_) _ 1 whenever x;; > x;;;
v 0 otherwise.
Let the distance function pdist be given by:

m — (<Hij+,qu+> + <Hij_,qu_>>
m

pdist(x;;, xg;) =
where m is the number of objects in the dataset.
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Theorem 2. If IL; is a totally ordered set, then pdist is a metric.

Proof. At first, let us prove that the range of the function is in [0;1]. Let z;; be less than or
equal to xy; : x;; < x4;. Then

(H7* H/) = [[HU7(3, (H/7 H/ ) = [[H) |3

m — [[H]"][3 — |1H |13

- )
The maximum of the function is not more than 1. The function pdist gets minimum whenever
Tij = 45, pdist(x;j, x;;) = 0. The function is symmetric. Let us prove that the function satisfies
the subadditivity condition for each x, € X:

pdist(x;;, xe;) =

pdist(z;;, z4;) < pdist(zi;, Twj) + pAist(zy;, T45).-
The proof contains 3 cases:
Tij S Tgj S Twjs  Twj 2 Tij 2 Tgji Tij S Tuwj S Tij-
Consider the first case, other cases can be proved similarly:

2m — [[H][|3 — | [Hg |3 — 2|5 |3

pdiSt(l'ij, .flfwj) + pdiSt(xqﬁ ij) =

m
L 2m— |[EL ][5 — [[HZF| |3 — 2[H27]]3
=
C2m—|[B]T| - m A [HTE - 2AH 5 om = [[HT3 - H
= — = - = pdist(z;;, z4;) - .

4.3 The generalization of HEOM and HMOM distance functions
Supplement the HEOM [22] function for ordinal-scale datasets:

n 1/2
dl(XZ‘,Xj) = (Z T’(ZEij,Zqu)Q) (12)

k=1
where
overlap(z;;, x,;) whenever L; is a nominal scale; )
(@i, Tq5) = 4 pdist(@j, 245) whenever L; is an ordinal scale;
diff(z;5, 245) otherwise;

1 whenever z;; # x,;; -
overlap(z;;, x4;) = 0 otherwise:

: _ mij—mgsl
diff (25, wg;) = f=45
Li Ly )

the function diff(x;;, z,;) is determined by normalized difference between two values of feature j.
The range of the resulting function d is less than or equal to the square root of the feature
number: d(x;,x;) < /n.
The difference between HEOM and HMOM modifications is only in lack of exponentiation:

n

do(xi, %)) = Y r(ij, 2g5)- (14)

k=1
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5 Panel matrix recovery procedure

5.1 Clustering algorithm ¢

Let use a modification of k-means [26] algorithm as the clustering algorithm ¢. This algorithm
is iterative. At first, select N cluster centroids g, ..., gy randomly. Each iteration assign each
object x; from dataset X* to the closest cluster in the sense of the distance function d:

cluster(x;) = argmin d(x;, )
ke{l,..,N}

where cluster(x) is the function that returns a cluster index for each object x. After that,
recalculate cluster centroids:

pj = avg{wy, cluster(x;) = k}.

Use avg function (6) such that corresponds to scale types instead of arithmetic mean rec-
ommended in the k-means algorithm:

mean{X;j,...,X;,;}  whenever L; is a linear scale;
avg{Xij, -, Xi,;} =  median{x;,;,...,%; ;} whenever L; is an ordinal scale;
mode{x;,;,...,X;,;}  whenever L; is a nominal scale.

5.2 Bijection recovery algorithm m

In this section, two methods of the function ¢ (3) finding are considered: the reducing the
problem to the transport problem and the genetic algorithm.

Let state the problem of finding ¢ as multidimensional assignment problem [7]. Construct
| T |-partite hypergraph (V, E), V.= V! U..-UVI7! where T is the set of years. The vertices of
each partite sets V* correspond to the set of cluster centroids M’ for year t. The hyperedges
of the hypergraph correspond to the all subsets of cluster centroids that contain |7| cluster
centroids and correspond to the condition that each hyperedge e € E contains only one cluster
centroid for each year. Let the weight of each hyperedge be given by:

We = Z p(1y, Ba).

Hy,Ho€e

It is required to find a maximal set of hyperedges where each pair of this set does not intersect
and where the sum of the hyperedge weights is minimal.

5.3 Reducing the ¢ finding problem to the transport problem

Consider a two-dimensional assignment problem, where it is required to find the bijection
between two sets of objects. This problem can be stated as the min-cost max flow problem
by constructing a transport directed graph [27]. The vertices of this graph correspond to the
cluster centroids M* with capacity equal to one and edge weights equal to the distance between
cluster centroids: p(u'', ,u,;Q). After reducing the problem, it is required to find the maximal flow
with minimal edge weight sum, which is called the cost of the flow. In the considered case, one
can construct a hypergraph (V) E) instead of the directed graph whose hyperedge configuration
was described above.

In order to find the maximal flow of minimal cost of the hypergraph (V| E), let transform
the hypergraph into a directed graph (V’, E') and use common algorithms for directed graphs.
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There are some heuristic algorithms of hypergraph to directed graph transformation that can
be used for this case [28,29].

5.4 Genetic algorithm

As an alternative method of finding the function ¢, let use the genetic algorithm [8]. Each
solution of the problem is represented by a hypergraph with N hyperedges such that each pair
of hyperedge does not intersect and each hyperedge contains only one cluster centroid for each
year. Let S?% be a matrix for the solution %k of the generation ¢. The entry Szjk is the index
number of cluster of the year j in the hyperedge i:

N ,
Si = whenever pj € e;

where e; € E. The starting population S! is generated randomly, its cardinality s, is a structural
parameter. Each new generation is generated from the older one by application the special
procedures: mutation, crossover, and selection.

As the crossover of the generation ¢, the following procedure has been used. Select two
solutions S?* and S%2 from this generation randomly. Also, select a row I, from the first matrix
and a row [, from the second matrix, the number of columns to modify col, and a set of column

indexes {cperm(l), e vcperm(col)}v where perm is a random permutation. For each column c¢; in
: : : qk1 qko
{cperm(l), o Cperm(cc,l)} and for both matrices, proceed the permutation given by S/ «» S/

After crossover procedure, mutations. Select a solution S? and a column ¢ randomly. After
that, proceed random permutation on all the elements of column ¢. Such procedure helps one
to avoid stopping algorithm in local extrema. After mutations and crossovers, select the best
solution generation S*! in the sense of the distance function p. The number of mutations
per generation fiutation, the number of crossovers per generation ferossover; and the generation
cardinalities s, are the structural parameters of the algorithm. The algorithm stops whenever
the generation satisfies the stopping criterion C'x. In this paper, stopping criterion is used:

Cr = (Kauw > Kav) or (K, does not change after few iterations)

where
1 1
Kav = ICANy €T t1#£t2 (KendallT&u(S({,(...),N,tlv S?,(...),N,tg))7

S?1) is the best solution of the current generation in the sense of p, S‘fz ~.¢ 1s the column ¢
of the matrix S%. K,, is a structural parameter, which represents required average Kendall
correlation coefficient in the panel matrix Z.

5.5 Defining hyperedge weight

Use the sum of the generalized distances (12) and (14) between cluster centroids as the hyper-
edge weights:

vd(xy 2 )2 1/2
p1(xi, X;) :<Zk:1 (:j b k) + pdist*(y;, y;) - coef) ; (15)
" d tky Lyg
pa(xi, X;) = 2=y Ui ) + pdist(y;, y;) - coef (16)
n

where coef is the parameter which regulates the balance between priority of the stability crite-
rion (5) and the clustering criterion (4). Whenever coef = 1, these criteria priorities are equal.
Let use (15) in the experiment with the generalized HEOM metric and (16) in the experiment
with the generalized HMOM metric.
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5.6 Complexity analysis of the algorithm

The clustering algorithm complexity can be bounded to O(Nnm-iter) where iter is the number
of iterations of the clustering algorithm.

The complexity of one crossover series can be bounded to O( fuossover|T])- The complexity
of a mutation series is O( fiutationV); 80, the naive estimation of the genetic algorithm iteration

1s O(fcrossover‘T| + fmutationN)‘

6 The ranking model recovery

In this section, the methods of the ranking model recovery used in this paper are described.
Consider three ranking algorithms: the ordinal classification algorithm using partially ordered
feature sets [18] and rankSVM [30], the algorithm based on the SVM [19], and an algorithm
based on the method of least squares in order to compare the results of the ranking model
recovery.

6.1 The ordinal classification algorithm using partially ordered feature sets

In this subsection, suppose that the class of the object is also a feature with number 0: Y
= Lo, zi0 = y;,x; € X. For each feature L, construct a matrix U, which determines the order

of the feature ¢:
o 1 if zy, < x5,
Uy(i, j) = { e

0 otherwise.

Estimate the matrix @ using feature matrices U,, ¢ € {0,...,m}. This matrix 9 is called
a pairwise dominance matrix:

where w is the weight vector for feature matrices.
After that, estimate the class g of the object using the pairwise dominance matrix:

= f(§,)), A= argminly — ]
In this paper, a logistic regression is used for w and A estimations. Also, propose that
Ai = A; whenever y; = y;.

6.2 The RankSVM algorithm

This algorithm is a generalization of the classification algorithm based on SVM [19]. The opti-
mization problem for this algorithm is given by

lwll2+C > &; — min,
0,
for each x;,x; € X, y, > y; : K(w,x;) > K(w,x;) +1—¢&;
where

K:R'"xX >R (17)
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is the kernel function, commonly the dot product; §;; and C' are the parameters. This optimiza-
tion problem can be reduced to the classification SVM optimization problem [30] and solved
by standard methods [19].

The most interesting feature of this algorithm is the use of different kernel functions K
instead of dot product. This modifies original object space and makes it more similar to linearly
separable space. In this paper, the following kernel functions have been used:

K(x,%x;) = x; -XJT; (18)
1 3
T .
K(x;,%x;) = (;xZ . xj) : (19)
1 2
K(x;,x;) =exp | ——|x; —x;]7 ) ; (20)
n
1 T
K(x4,%;) = tanh | —x; - x; | . (21)
n

6.3 The algorithm based on least squares method

Use this algorithm as a basic ranking algorithm. The main idea of this algorithm is in finding

coefficients aq, . .., a,, which solve the optimization task:
m n
A= E Yi — E ;x| — min.
i=1 j=1 9

The resulting function is given by

round <Z?:1 ogx,j) whenever round (Z?Zl ozjxij> € {1,2,3,4,5};
f(x)=4¢5 whenever round <Z?:1 ozjxij) > b;

1 whenever round <Z?:1 ozjxij) < 1.

6.4 Transforming ordinal features into linear features

In order to use the information gathered from ordinal features, the following approach has been
used [31]. Each ordinal feature with scale L; is proposed to match with some latent linear
feature with scale I}, which can be recovered by the following rule:

_ . * * .
x;; = lj, whenever lju_1 ST < Ly

where [j,, is the u value of the set of values of L; sorted ascendingly; zj; is the value of latent
variable; %, is the threshold:

7ju

le = —0Q, lj\]Lj\ = 0

with ¥~! being the inverse normal distribution. This transformation matches the ordinal feature
with some real-valued intervals. Use the upper limit of the intervals as a representer of the latent
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linear feature, i.e., x7; = lj, whenever [5,_; < zj; < [j,. Let the value corresponding to the
largest value of the ordinal feature be z}; = ;-1 + mean({lj, — lju—1,u € {1,...,[L;| — 1}).

7 Computational experiment

In this section, the results of the experiment are presented and conclusions on the applicability
of the proposed algorithm to the considered problem are drawn. The main goal of the present
experiment is to confirm or deny the efficiency of the described panel matrix recovery method
and recover the ranking model in the most efficient way. The dataset [20] contains a table with
284 student assessments. Each assessment contains 7 features, the class of the student, and the
year of the interview. The source of the computational experiment is available at [32].

For the experiment, the following software was used:

— GNU Octave v.3.8.1;

— SVMeht v 6.02.;

— batch high throughput multidimensional scaline for MATLAB/GNU Octave programming
language; and

— Python v.2.7. with NumPy and scikit-learn packages.

7.1 Panel matrix recovery

In order to handle with missing values, k-nearest neighbors algorithm has been used for miss-
ing values imputation [33]. & = 3 was chosen using cross-validation. The optimal number of
clusters N has been estimated by solving the optimization problem (9) and the result N = 20
has been got. The results of clustering for year 2007 are shown in Fig. 4. The coordinates of
the objects were received by projection the data X' onto two-dimensional space {&;, &>} using
High-Throughput Multidimensional Scaling [34] method. The colors of the plot correspond to
different cluster indexes.

3
2 ® ¢ )
®
N ®
up ®
21 e ©
5
E | e
20 . P
E o L o [}
& ®
-1 oo H
&
) w w w Lo
-2 -1 0 1 2 3

Projection onto &

Figure 4 The result of clustering for year 2007

In order to reduce the randomnicity in the experiment, 10 tests have been proceeded and
the results have been averaged. The parameter coef (15) was set to 1. The cardinality of the
starting population s; was set to N - |T]. For each generation S¢, |7 - s¢ mutations and (7))
= 5%(s? — 1)/2 crossovers have been proceeded. Such parameter values give an availability to
crossover all the pairs of solutions and to mutate each column of each hypergraph matrix. The
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cardinality of all the generations remained stable: s9™! = s9. The required average Kendall
coefficient f(av was set to 0.85.

The results of the panel matrix recovery have been estimated by the Kendall correlation
coefficient (7). The results of the Kendall correlation for the experiments with HEOM and
HMOM metrics are represented in Tables 2 and 3. The computational experiment shows that
the proposed algorithm of the panel matrix recovery gives good results on the considered
dataset.

Table 2 Kendall coefficient for panel matrix Z recovery with HEOM metric

Year 2006 2007 2008 2009
2006 1 0.85629 0.80154 0.85270
2007 0.85629 1 0.84301 0.85728
2008 0.80154 0.84301 1 0.84731
2009 0.85270 0.85728 0.84731 1

Table 3 Kendall coefficient for panel matrix Z recovery with HMOM metric

Year 2006 2007 2008 2009
2006 1 0.87714 0.76905 0.77979
2007 0.87714 1 0.82962 0.80129
2008 0.76905 0.82962 1 0.82266
2009 0.77979 0.80129 0.82266 1

The mean of pairwise Kendall coefficients for the panel recovery with HMOM is 0.81326
while for HEOM, this value is 0.84302. Therefore, HEOM metric is quite more efficient for the
considered purpose. As one can see, the panel matrix recovery gives rather stable results for all
the years.

7.2 The ranking model

The difference between the real class y of an object x and the recovered class ¢ has been used
as the error function (). The algorithms were tested using “Leave one out” method. Different
kernel functions (17) have been used during the RankSVM algorithm testing.

The results of the experiment are shown in Table 4.

The RankSVM algorithm showed the best result and was selected as the ranking model
recovery algorithm. Another good result was received from the algorithm based on pairwise-
dominating matrix.

7.3 Computation for the simulated data

Investigate the performance of the proposed algorithm. Conduct two series of the experiments:
the series with adding noise into object features and adding noise into object classes.
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Table 4 Results of the ranking model recovery

Year 2006 2007 2008 2009  Mean value
LS-algrotihm 0.7 0.57 0.68 0.62 0.64
Pairwise-dominating matrix 1.2176 1.1412 1.2647 1.2235 1.2118
RankSVM, Eq. (18) 0.55 0.52 0.62 0.60 0.58
RankSVM, Eq. (19) 1,2741 0.98 1.3451 1.1667 1.1914
RankSVM, Eq. (20) 0.7511 0.5413 0.7285 0.7501 0.6927
RankSVM, Eq. (21) 1.2741 0.98 1.3451 1.1667 1.1914

During the experiment with adding noise into features, change each object feature value

randomly with probability from 10% to 50%.

During the experiment with adding noise in classes, replace the class of each object by
constant for each year. In these experiments, HEOM metric has been used.

The results of the experiments are shown in Figs. 5 and 6.

Figure 5 shows the mean of Kendall correlation coefficient values for each pairs of years.
The genetic algorithm uses the combination of two criteria for selecting optimal solution. After
adding noise into objects’ features, the algorithm tries to optimize the matching of classes for
different years. The experiment with adding noise into object classes shows the opposite case —
the dataset lost the uniformity of classes per years and, therefore, the average error did not

increase so dramatically as in the first experiment.
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Figure 5 Average Kendall coefficient

In order to estimate the quality of the ranking model recovery in datasets with noise,
the ranking model recovery has been tested on the simulated datasets generated in the first

experiment series.

The result of the ranking model recovery is shown in Fig. 7. As one can see, the RankSVM
algorithm and pairwise-dominating algorithm give the similar results.
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The error of the least squares-based algorithm increases dramatically; therefore, it is better
not to use it if the dataset contains significant amount of noise.
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1.0r

0.8

06

0.4

—6— Pairwise-dominating matrix [p
—&—LS-algorithm
—©— RankSVM(24)

0

Figure 7 The results of rank model recovery

8 Concluding remarks

10 20 30 20 50
Perent of noise

on simulated data

In this paper, the method of the panel matrix recovery has been proposed. The heuristic method

of calculating optimal number of clusters has been suggested for clustering objects per year.
Two algorithms have been considered to construct a bijection between clusters of differ-

ent years based on reducing this problem to multidimensional assignment problem — the ge-
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netic algorithm and the algorithm based on the reducing the problem to the transport prob-
lem.

The experiment for the panel matrix and ranking model recovery using genetic algorithm
was proceeded. Two metric functions were compared. The HEOM metric showed the best
result. The experiment showed that the panel matrix was stable in the sense of ranking
model stability. The best result of ranking model recovery was shown by the RankSVM al-
gorithm.
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Pabora mocssimena BOCCTAHOBIEHUIO €2KETO/IHBIX M3MEHEHUN PEHTUHTOB CTY/IEHTOB IIPU CO-
OeceoBaHuu B yueOHBIHN 1IeHTp. PaccMaTpuBaeTcs BIOOPKA, COCTOSIIAS U3 SKCIIEPTHBIX OIEHOK
CTYJIEHTOB, IIPOXOJUBIINX cobeces0BaHUE B yUeOHBIH IEHTP B T€U€HUE HECKOJBKUX JIET ¥ UTO-
TOBBIX PEUTUHTOB CTyAeHTOB. [IIKa/Ibl 9KCIIEePTHBIX OIEHOK MEHSIOTCH U3 I'oJia B I'OJI, HO ITKAJIa
PERTUHIOB OcTaeTCsi Hen3MeHHOU. TpebyeTcss BOCCTAHOBUTH PAHXKUPYIOINLYIO MOJIEb, HE 3aBH-
CSIIIYIO OT BPEMEHHU. 3aJ/iada CBOJUTCS K BOCCTAHOBJICHUIO MAHEBHONW MATPUIBI (T. €. MATPHIIBI
06bEKT-IIPU3HAK-TOJT), CTaBsIIIeil BO B3BANMHOE COOTBETCTBUE HEKOTOPOI'O CTYIeHTa (MU yCpe/i-
HEHHBII «IIOPTPET» CTYJEHTA) W €ro MPE/IIoIaraeMyio OICHKY Ha COOeCeOBAHUSIX 3a KaKIblil
T'OJI, U UCC/ICIOBAHUIO PAHXKUPYIONICH MOIE/IH, OJTYIYeHHON Ha OCHOBE 3TOM MAaTPUIILI, a TaK¥Ke
aHaJN3y ee YCTOWYMBOCTU HA MPOTS2KEHUU HECKOJbKHX JjeT. [Ipeiraraercss MeTo/1 BOCCTAHOB-
JICHUs TIAHEJIbHON MaTPHUIIbI, OCHOBAHHBLIN HA PEICHUN MHOTOMEPHOHN 3a/1ady O HA3HAUCHUSX.
B kadecTBe MeTO/]a BOCCTAHOBJIEHUsI PAHXKUPYIOIMIEH MOJENN HCIOJIb3YeTCsl aJrOPUTM MHOI'O-
KJIACCOBOI KitaccuUKaIMi ¢ OTHOIIEHUEM IIOJIHOI'O IOP:AJIKA Ha KJIaccax.

KiroueBblie ciioBa: pez’lmUHeu; IKCNEPIMHBLE OUEHKU, KAACTNEPU3AUUA; CMEWAHHBLE WKAADL

DOI: 10.21469/22233792.1.14.05

JlntepaTtypa

[1] Davies A., Lahiri K. A new framework for testing rationality and measuring aggregate shocks
using panel data // J. Econometrics, 1995. Vol. 68. No. 1. P. 205-227.

[2] Capponi A., de Waard H. A polynomial time algorithm for the multidimensional assignment
problem in multiple sensor environments // 7th Conference (International) on Information Fusion,
2004. P. 1150-1157.

[3] Pardalos P., Pitsoulis L. Nonlinear assignment problems: Algorithms and applications
(combinatorial optimization). — Springer, 2001. 303 p.

[4] Aronson J. E. The multiperiod assignment problem: A multicommodity network flow model and

specialized branch and bound algorithm // Eur. J. Oper. Res., 1986. Vol. 23. No. 3. P. 367-381.

Marmmnanoe oby4yenne u anaiu3 gaHabix, 2015. Tom 1, Ne14.



Boccranosiienne naneibHON MATPUIIBI U PAHKUPYIONIEH MOIEIN 1959

[5]
6]

17l
18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

19]
[20]
[21]
[22]

23]

Fréville A. The multidimensional 0—1 knapsack problem: An overview // Eur. J. Oper. Res.,
2004. Vol. 155. Iss. 1. P. 1-—-21. doi: http://dx.doi.org/10.1016/S0377-2217(03)00274-1

Walteros J. L., Vogiatzis C., Pasiliao E. L., Pardalos P. M. Integer programming models for the
multidimensional assignment problem with star costs // Eur. J. Oper. Res., 2014. Vol. 235. No. 3.
P. 553-568. doi: http://dx.doi.org/10.1016/j.ejor.2013.10.048

Kuroki Y., Matsui T. An approximation algorithm for multidimensional assignment problem
minimizing the sum of squared errors // Discrete Appl. Math., 2009. Vol. 157. P. 2124-2135.

Sahu A., Tapadar R. Solving the assignment problem using genetic algorithm and
simulated annealing // ITAENG Int. J. Appl. Math., 2007. Vol. 36. No.l. http://www.
iaeng.org/IJAM /issues v36/issue 1/IJAM 36 1 7.pdf.

Pistorius J., Minouxr M. An improved direct labeling method for the max-flow min-cut
computation in large hypergraphs and applications // Int. Trans. Oper. Res., 2003. Vol. 10.
No.1. P. 1-11.

Cooke D. J., Bez H. E. Computer mathematics. — 1st ed. — Cambridge University Press, 1984.
408 p.

Johannes F., Eyke H. Preference learning: An introduction. — Springer, 2011. 454 p.

Albadvi A. Formulating national information technology strategies: A preference ranking model
using PROMETHEE method // Eur. J. Oper. Res., 2004. Vol. 153. No. 2. P. 290-296. doi: http:
//dx.doi.org/10.1016/30377-2217(03)00151-6

Siskos Y., Matsatsinis N. F., Baourakis G. Multicriteria analysis in agricultural marketing: The
case of French olive oil market // Eur. J. Oper. Res., 2001. Vol. 130. No. 2. P. 315-331. doi: http:
//dx.doi.org/10.1016/30377-2217(00)00043-6

Mladineo N., Margeta J., Brans J. P., B. Mareschal. Multicriteria ranking of alternative locations
for small scale hydro plants // Eur. J. Oper. Res., 1987. Vol. 31. No.2. P. 215-222. doi: http:
//dx.doi.org/10.1016/0377-2217(87)90025-7

Cmpuotcos B. B. YToUuHeHHME SKCIEPTHBIX OIEHOK, BBICTABJIEHHBIX B PAHIOBBIX IMKAJIAX, C I0-
MOIIIBIO U3MePsieMbIX JaHHBIX // 3aBojckast taboparopus. luarnocruka Marepuasios, 2011. T. 77.
Ner. C. 72-78.

Medsednurosa M. M. Vcnosib30BaHre METO/Ia TJIABHBIX KOMITOHEHT IIPU ITOCTPOEHUN HHTEIPaJIb-
HBIX HHANKaTOpoB // Mammunnoe obyuenne u anamu3 ganneix, 2012, T. 3. C. 292-304.
Medsednurosa M. M., Cmpuarcos B. B., Kyaneuos M. II. AaropuT™M MHOTOKIACCOBOI MOHOTOHHON

[Tapero-kiaccudukanuu ¢ Bibopom mpusuakos // Ussectus: Tynbckoro roc. yu-Ta. EcrecrBenubie
wayku, 2012. T. 3. C. 132-141.

Kuznetsov M. P., Strijov V. V. Methods of expert estimations concordance for integral quality
estimation // Expert Syst. Appl., 2014. Vol. 41. Iss. 4. Pt. 2. P. 1551-2110. doi: http://dx.doi.
org/10.1016/j.eswa.2013.08.095

Boponuyos K. B. Jleknun 1mo MeToiy ONOPHBIX BeKTOpoB. http://www.ccas.ru/voron/download/
SVM.pdf.
http://sourceforge.net/p/mlalgorithms/code/HEAD /tree/ Group074/Bakhteev014UniversityRanking/
data/data.csv?format=raw.

Cmpuotcos B. B. YTouHEHUE SKCIEPTHBIX OIEHOK € IIOMOIIBIO N3MePsIeMbIX JTAHHBIX // 3aBojcKast
siaboparopusi. duarnocruka marepuasios, 2006. T. 72. Ne7. C. 59-64.

Wilson D. R., Martinez T. R. Improved heterogeneous distance functions // J. Artif. Intell. Res.,
1997. Vol. 6. P. 1-34.

Batista G.E.A. P. A., Silva D. F. How k-nearest neighbor parameters affect its performance //
Argentine Symposium on Artificial Intelligence Proceedings, 2009. P. 1-12.

Marmmnanoe oby4yenne u anaiu3 gaHabix, 2015. Tom 1, Ne14.



0. I0. Baxrees 1960

[24]
[25]

[26]
[27]

28]

[29]

[30]

[31]
[32]

[33]

[34]

Walesiak M. Distance measure for ordinal data // Argum. Oecon., 1999. Vol. 2. No.8. P. 167-173.

Prokhorov A. V. (originator). Kendall coefficient of rank correlation // Encyclopedia of
mathematics. http://www.encyclopediaofmath.org/index.php?title=Kendall coefficient of rank -
correlation&oldid=13189.

Steinhaus H. Sur la division des corps materiels en parties // Bull. Acad. Polon. Sci., 1956. Vol. 4.
P. 801-804.

Cormen T. H., Leiserson C. E., Rivest R. L., Stein C. Introduction to algorithms. — 3rd. ed. —
MIT Press, 2009. 1312 p.

Agarwal S., Branson K., Belongie S. Higher order learning with graphs // 23rd Conference
(International) on Machine Learning Proceedings, 2006. P. 1-24. doi: http://dx.doi.org/10.
1145/1143844.1143847

Pu L., Faltings B. Hypergraph learning with hyperedge expansion // European Conference on
Machine Learning and Knowledge Discovery in Databases Proceedings, 2012. Vol. 1. P. 410-425.
doi: http://dx.doi.org/10.1007/978-3-642-33460-3_32

Joachims T. Optimizing search engines using clickthrough data // 8th ACM SIGKDD Conference
(International) on Knowledge Discovery and Data Mining Proceedings, 2002. P. 133-142.
doi: http://dx.doi.org/10.1145/775047.775067

Winship C., Mare R. Regression models with ordinal variables // Am. Sociol. Rev., 1984. Vol. 49.
No. 4. P. 512-525. doi: http://dx.doi.org/10.2307/2095465

Algorithms of machine learning. http://sourceforge.net/p/mlalgorithms/code/HEAD /tree/
Group074/Bakhteev014UniversityRanking/code/.

Batista G.E.A. P. A., Monard C. M. An analysis of four missing data treatment methods for
supervised learning // Appl. Artif. Intell., 2003. Vol. 17. Iss. 5-6. P. 519-533. doi: http://dx.
doi.org/10.1080/713827181

Strickert M., Teichmann S., Sreenivasulu N., Seiffert U. High-Throughput Multi-dimensional
Scaling (HiT-MDS) for ¢cDNA-Array expression data // 15th Conference (International) on
Artificial Neural Networks: Biological Inspirations Proceedings, 2005. Vol. 1. P. 625-633.
doi: http://dx.doi.org/10.1007/11650822_97

Hocmynuna 6 pedaxuyuro 20.12.15

Marmmnanoe oby4yenne u anaiu3 gaHabix, 2015. Tom 1, Ne14.



MeTtonpt Tparcdopmanun Moaesei 1961

MeToabl TpaHcopMauun mMoaeneii
B 3a4a4aX HeJINHENHOW perpeccunun:

P. A. Conozyb
roman.sologub@yahoo.com
Broraunciurensusrit ientp PAH uMm. A. A. opoauuneina, Poccust, r. Mocksa, yn. Basunosa, 40

Pemmraercst mpobisiema aBTOMATHYECKOTO TOCTPOEHUS W YIIPOINEHUs] HEJIMHEHHBIX perpec-
CHOHHBIX Mojeseit. Momenu npemHasHadeHbl Jjisi ONUCAHUS PE3YJAbTATOB U3MEPEHUN U IIPOo-
THO3UPOBAHUSA JIKCIIEPUMEHTOB, COCTABJIAIONINX HEOTHEMJIEMYIO YaCTh €CTECTBEHHO-HayIHBIX
nuccireoBanuii. 1lopoxktaeMble MOZeIN MpeTHA3HAYEHBI U1 AIPOKCIMAIINH, aHAJIN3a U ITPO-
THOBUPOBAHUS PE3Y/IbTaTOB m3MepeHuit. [Ipu mopoxkmeHnn yauThbIBAIOTCA TPEOOBAHUS, IIPEIb-
sIBJIIEMBIE YKCIIEPTAMU-CIEIUAJIUCTAME B IIPEJIMETHON 0DJIACTH K MTOPOXK TAEMBIM MOJIEJISIM. DTO
JaeT BO3MOXKHOCTB IIOJIyUeHUsl SKCIIEPTHO-UHTEPIPETUPYEMBIX MOo/ieslell, aJeKBaTHO ONHUCHIBa-
IONUX Pe3yIbTaT U3MepPEeHHs.

KiroueBble ciioBa: anaau3 OGHHLET; PELPECCUOHHAA MOJEAL; HEAUHETHAA PERPECCUA; NOPOIHC-
denue modenetl; nocmpoerue cynepno3uyul
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1 Bsepenne

s co3anmst aJleKBaTHON MOJEIN M3MeEPSIEMbIX JIaHHBIX MCIIOJIB3YIOTCS SKCIEPTHO-3a,/1aH-
Hble TIOpozK/Iarorre (byHKINA U HAOOp mpaBui nopoxienus. Mojensb 3amaercsa B BUje cynep-
MTO3UIUHU TTOPOKTatomux Gyakimit. [IpaBuia mopoxkaeHus onpeaeadior JOMYyCTUMOCTE CyTep-
MTO3UIUU U UCKJIIOYAIOT MOPOXKICHUE M30MOP(MHBIX MOJIEICH.

B pabote mpepiaraercss pa3BUTL CYIIECTBYIONINE METOIbI aBTOMATHYECKOTO MOPOKICHUS
mogiesteit |1, 2]. Mcenemyorest MeTo/ bl U aJITOPUTMbI YIPOIIEHHsI Mojieieli 1 uxX cBoiicrBa. AHa-
Jm3upyeTcd mpodseMa BOSHUKHOBEHUS PA3IUIHBIX TOMOJOIMYECKH, HO IIPU STOM PaBHBIX (DYHK-
MoHaJIbHO MoJieseit. [Ipesaraiorcs HOBbIe METOIBI IONCKA M30MOPMHBIX CyHEPIO3UINil, OCHO-
BaHHbBIE HA IMOUCKE M30MOPQHBIX MOATPadOB U MOJACTAHOBKE MOArPadOB IO ITPABUIAM.

Ucnonb3oBanne HEJIMHEHHONW perpeccuu i pelieHus] NPUKJIAIHBIX 3aJa4 OIMCHIBACTCS
B paborax [Ixk. Cebepa [3,4]. B HEX ommchiBaeTcs MOCTPOEHNE U ONEHKA TAPDAMETDPOB HeJIMHEH-
HBIX Mojiesteit. /[s onenkn mapamMeTpoB Mojieseil ucnoJb3yercs aaroputm Jleenbepra—Mapk-
BaaTa [5|. Kpurepuem kauecTBa Ipu 3TOM, KaK U B Caydae OOBIYHON JIMHEHHON perpeccum,
OCTaeTCsl CPeJIHEKBaIpaTuIHas omubka. B pabdorax |6, 7| MHIYKTHBHOE HOPOXK/IEHUE MOJeIel
CTPOUTCS € TIOMOIIBIO METO/Ia TPYIIIIOBOIO y4eTa apryMeHTOB. B JImHeitHo Mojie/in 1pejijiaraet-
sl TIOPOYKJIATH HOBBIE MIPU3HAKN C TIOMOIIBIO Ofiepariuu npoussejienns. C MOMOIIBIO TOJIMTHOMOB
Konmoroposa—I'abopa aaropurum rejieHAIIPaBIEHHO TOPOXKIAET U epedupaeT MOJIeTU-IIPEeTeH-
JIEHTBI Pa3JIMYHON CJIOKHOCTU COIVIACHO PsJIy KpHUTepueB. B pe3yiabrare HAXOIUTCS MOJIE/H
ONTUMAJILHON CTPYKTYPBI B BHJIE OJHOIO yPaBHEHUs WK cucTeMbl ypasuenwii [7]. g wn-
JIYKTHBHOTO MOPOXKJeHnst Mogeseii B paborax [Ixk. Kossl [8,9], cBA3aHHBIX ¢ reHETHYIECKUM
nporpammuposanueM [10, 11], ocymiecTBisiercs: mepexo OT CTPOKOBOIT 3ammcn Mojieseil K mpe-
dukcHol 3anucu, TakuM 00pa30M BBOJIUTCH TOCTPOEHIE MOJIEJIN B BHjie I'pada-iepesa.

*Pabora BbeimnosiHeHa Ipu (puHAHCOBOI noiepkke POPU, mpoekt Ne 14-07-31326.
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Pabora [12|, mpomoskatomias paborer [Ixk. Kosbl, cBsg3aHa ¢ aHAJIUTHIECKIM TPOIPAMMIL-
pOBaHMEM — JAJbLHEHIINM aJIredpanvdecKuM Pa3BUTUEM METOJIOB T'€HETHYEeCKOr'O MPOTrPaMMIU-
poBaHus. ABTOPBI UCIHOJIB3YIOT CTPOKOBOE TIPEJICTABICHUE U TIEMIOYKN JIOTHIECKUX MTPEJIMKATOB
B KadecTBe 3JIeMeHTOB Mojiesn. B mporecce moctpoenust Mojieseil 0TCeKaloTes IUKIMIecKue,
a TaKzKe MMEIOIe KOMILIEKCHbIE NI OECKOHETHbIe 3HAYCHUS.

[TocTpoenne MpOrHOCTUYIECKON MOJIEIN B BUJIE CYIEPIIO3UINT 33 IaHHBIX (DYHKIINN, TTPEJI0-
KeHHoe B pabore [13] mosBosisier mosryyaTh HHTEPIPETUPYEMbIE MOJIENH, & PEJJIOKEHHbIH Me-
To, TpadOBaHUA CYNEPIO3UINIl 33 CJI0KHOCTD TTOPOK/IAeT MeHee TOYHbIe, HO D0Jiee TPOCThIe
cynepriosurniuu. MeTo/1 TpeoOpa3oBanus U YIPOIIEHUs CyIePIO3UIil 110 TpaBUIaM, PacCMOT-
peHHBI B pabore [13|, mo3Bossier pasaeuTh MOCTPOCHHBIE CYIEPIO3UIINN Ha KJIACChl SKBUBa-
JIEHTHOCTH U BBIOPATh M3 KazKJOro Kjacca HamboJiee MpocTyio (T.e. HMEIOIYI0 HAMMEHbIIee
YHCI0 CTPYKTYPHBIX JIEMEHTOB) CYHEPIIO3UIMIO, UTO TAKYKE MO3BOJISIET 0OOCHOBATH BO3MOK-
HOCTB KCIepTHOI mHTeprpeTanuu. MeTo bl mocTpoenns: KOMOMHAIINI TPOTHOCTHYECKUX MOJIe-
it onmcansl B paborax [9,12].

JLnst yrportenust CTpyKTyPbl MOJIe/Ieil UCTIOIb3YIOTCS METO/bI TeOPUH TPaHCHOPMAIUN I'Pa-
dbos, npemnokennsie B padbore [14]|. st TparcdopMaIiy 1epeBbeB BBIIESIIOTCI HEKOTOPbIE
a/IeMeHTapuble Tpadbl-mab/IoOHbI, JIJIT KOTOPBIX CTPOSTCA 000JOYKN M30MOPGHBIX UM IpadoB
OoJtee CJI0KHON CTPYKTYPHI. [yt yIporenus Mo/iesin TpOu3BOIUTCH PEKYPCUBHBIN TTOUCK TTOJT-
rpadoB, n30MOpPGHBIX rpadaM-madbIoHaM, ¢ ©X 3aMeHOi Ha 6oJjiee TTpocThie Toarpadbl. 3agada
YIIPOIIEHHsT MOJIeJIel, IpeJICTaBIeHHBIX B Bujle rpadoB, paccMarpuBaercs B pabore [15]. ABro-
pPBbI paccMaTPUBAIOT JIBA PA3IUIHBIX METOJa YIPOIIeHus Mojeseir. B mepBom anaymsupyercs
CTPYKTypa MOJe/ell U BBIJIEISIOTCS 3JIEeMEHTBI-ITOArPAMBI, KOTOPBIE MOJIXOST IO/ MA0IOHbBI
yIpolenusi (HalpuMep, JIBORHOe OTpULaHue). AJIbTePHATHBHBIM METOJOM SBJISIETCSI BBIUMCTIE
HUe 3HAYEeHUIT 9JIeMeHTa MOJIeJIN Ha UCXO/IHO# BbIbopKe. Ecin 3navenns yHKIMT COBIAIAIOT CO
3HAYCHUAMU OOJIee TTPOCTOro MmabJ/IoHa, OCYIIECTBIACTCA 3aMEHa JJIEMEHTa MO/ TTa0JI0OHOM.

[Hess paboTbl — ucceoBanue MpodJIeMbl TIOCTPOCHUA W YITPOIIEHNsT HEJIMHEHHBIX Perpec-
CHUOHHBIX MOjIe/iell KaK CyNepHo3ulnil 3a/[aHHbIX Hapamerpudeckux ¢yuknumii. [Ipemmaraercs
MeTOJT, TPaHC(OPMAIINN CYTIEPIIO3UIINIA, TPEJICTABIEHHBIX B BHJIe KATETOPUN HA MHOXKECTBE Ha-
MIPABJIEHHBIX AIMKINYECKUX I'padoB 6e3 camornepecedeHnil, COOTBETCTBYIONIUX CYyEPIO3UITUIM.

2 T[llocTtaHoBka 3agaun

[Tycrs 3agana BoiGopka D = {(X,,y,)}Y_;, x € R™. Tpebyercss mocTpouTh (GyHKIUIO pe-
rpeccun p(X, w) +— y. VI3 muo)kectBa dynknuit F' tpebyercst BHIOpaTh Mojeab f — 0TobOpa-
JKeHHe U3 JIEKapTOBa MIPOU3BEJIEHUST MHOKECTBa CBOOOIHBIX ITepeMeHHbIX X € R"” u MHO)KecTBa
napamerpos w € R™ B R!. Cyzkenue Mofenn ecTh hyHKINSA PEIPECCHH ¢ C 33 JaHHBIME 3HAUCHH-
sIMI W = Wq. Tpebyercst olleHnTh Habop MapaMeTpoOB W, JOCTABJIAIONINX MUHUMYM BHEITHEMY

KpUTepuio KadecTBa MOJIEC/IN — KBa,ILpaTH‘{HOﬁ OIIOKE:

SwID, f) = [[f(x,w) —yll.

Breipaxkenune S(w|D, f) osnadaer 3navenne GyHKnuu ommbKu S, KOTOPOE 3aBUCUT OT HAOOpa
napamMeTpoB W IpH 3ajanioil Beibopke D u mozenu f. Takast Mojeb Ha3bIBAeTCA ONTUMAJIb-
HOIT T1pu ycstoBuu, 9To ee ciaoxkuocTb C( f) He npesbinaer 3agannyo. CI0KHOCTE ONPeIe/IseTcs
KaK KOJIMYECTBO 3JIEMEHTOB BO BCEX IIOJIEPEBBSAX, KOTOPbIE MOXKHO BBIJAEIUTH U3 JepeBa, IIPei-
CTaBJIAIONIEr0 MOJeNb. VckoMyto Momenb [ OymaeM UCKaTh CPEAd MHOXKECTBa CYIEepPIO3UIINi
dyukmuit g € G. [Ipu 5TOM HAKIAIBIBAIOTCS OTPAHUYIEHUsT HA CTPYKTYPY CYHEPIO3UIUN.

Onpenenenne 1. Jlomyctumoii HA3BIBAETCSA CYNEPIIO3UIINSI, YIOBJIETBOPSIONIA CJIETY FOIIIIM
TpeOOBAHUSIM.

Marmmnanoe oby4denne u anaiu3 gaHapix, 2015. Tom 1, Ne14.



MeTtonpt Tparcdopmanun Moaesei 1963

1. DnemenTaMm CyIepHO3UIH f MOTYT ABIATLCA TOJBKO IOPOXKIatomue QyHKIUA ¢; ¥ CBO-
00/IHbIE IIEPMEHHBIE X.

2. KommaecTBO apryMeHTOB 3jIeMeHTa CYNEePIIO3UIIUN PABHO apHOCTU COOTBETCTBYIOIIENH eMy
dbynknun g;.

3. Ilopsiok apryMeHTOB 3JIeMEeHTa CYIIEePIO3UIIUNA COOTBECTBYET IOPSIKY apr'yMEHTOB COOT-
BeTCTBYIOIIel (DyHKIUK gj.

4. Jlna sjpeMeHTa S;, apryMeHTOM KOTOPOTO fABJIETCA 3JIEMEHT Sj, 00JIACTh OIPEeAEICHUA CO-
OTBETCTBYIOIIEH TOPOXKIAIONIEH PYHKIMHI ¢; COJIEPKUT 00JIACTh 3HAYCHHI TTOPOK AT
dbyukimn aprymenta g;: dom(g;) 2O cod(g;).

[Topoxkiaercss MHOKECTBO Mojeneit f € F — JOmyCTHMBIX CYNEPIO3UIM, COCTOAIINX W3
dbyuxmmit g; € G. Tpebyercst BHIOpaTh MOJEIb, JHOCTABISIONY0 MuHEMYM S(f|Wi, D) npu
YCJIOBUY, HAKJIaIbiBaeMOM Ha cjiokuocTh C'(f) < C*. Paznudanbie MeTOIbI ONPEIETIeHUsT CJIOXK-
HOCTH MOJIE/IN OYJIyT PaCCMOTPEHBI B CJCIYIONEM Pasielie.

CreyeT 3aMeTUTD, 9TO BBIOOPKA BMECTE C CYNEPHO3UINSMU COCTABIACT KATErOPHIO §, TaK
KaK JIJIg JJAHHONH KOHCTPYKIIUMH BBIIOJHSAIOTCS BCE aKCHOMBI TEOPUHU KATErOPHIi:

1. §-obbekTaMu JTAHHON KATErOPUU SABJISIOTCI MHOXKECTBA HE3aBHCUMBIX MEPMEHHBIX T U 3a-
BHUCHUMBIX TIEPEMEHHBIX Y.

2. §-cTpenkaMu B JAHHOIN KATETOPUU SIBJISIIOTCS CyHEePIO3UIuu f;.

3. Oyukrun dom(f) u cod(f) mst cymeprnosurn f onpeensioTcs eCTeCTBEHHBIM 00pa3oM
KaK 00J1acTh ompejiesiennst U 00JIaCTh 3HAYEHHUIT COOTBETCTBYIONIEN CYIIEPIO3UIINN.

4. Ecmum ps napel cynepriosunuii { f1, fo) Bbimosasiercs yeiaosue cod(fi) = dom( fy), To cymep-
nosumus fo uMeer obyacthb onpeenenus dom(fo) € RY. Cynepnosumnust, B KOTOpoil BMeCTO
HE3aBUCUMBIX ITEPEMEHHBIX U3 fo OY/IeT UCIOJ/Ib30BAThCS CYyEepIO3uIus f1, OyAeT JOMyCcTh-
MOff, T. €. KOMIO3UIUS CYIIECTBYeT U BXOJUT B MHOXKECTBO §-CTPEJIOK. ACCONMATUBHOCTH
cJIejryeT u3 Toro hakTa, YTo 3aMeHa B CYIIEPIIO3UINN OHOTO apryMeHTa Ha JAPYTOil sIBJIdeT-
¢ accoIMaTHBHOI oneparueil. Boobiie Bce MHOXKECTBO §-CTPEJIOK COCTOUT U3 3JIeMeHTOB (¢
U UX KOMIIO3UIIHNIA.

5. Hammane equauier obecriednBaeTcst 00si3aTesibHBIM cyIiecTBoBanneM B G dyukimn id(x).
g 3Toit (DyHKIINK BBITIOJHAETCA 3aKOH TOXKJIECTBA MO OIPEJIETIEHUIO.

2.1 Omnwmcanume CTPYKTYpPbl MOJeJI

YesioBuMCe CUATATD, 9TO KazK 10l CyNepHo3uIn f colocTaBieHo jepeso Iy, skBuBasienTHOE
9TOMN CYNEPHO3UIINE U CTPOSIIEEC CIEIYIONINM 00pPa3oM:

~ B BepHIMHax v; JiepeBa I'y HaXogATCa COOTBETCTBYIOMINE HOPOXKIatoniue OyHKIUH ¢j;
— YHUCJIO JOYEPHUX BEPUIMH y HEKOTOPOI BEPIIUHLI ¥; PABHO apHOCTU COOTBETCTBYIOIIECH el
bynkmun g;;
— IOPSAJIOK JIOYEPHUX BEPIIUH BEPIIUHBL ¥; COOTBECTBYET IOPSIKY apryMEHTOB COOTBETCTBY-
1oeit GyHKIuu g;;
— JmcTbamu Jepesa [’y apiigrorca cBoOOIHBIC epeMeHHbIe X; 00 YHCIOBbIC apaMeTPhl w;.
Takum obpas3oM, BeIMHC/IEHNE 3HAYEHUS BbIpaxKeHus f B HEKOTOPOH TOYKE C JIAHHBIM BEK-
TOPOM [APaMeTPOB W = {wi, W, . .., Wy} SKBUBAJEHTHO OJCTAHOBKE COOTBETCTBYIOIIUX 3HA~
YJenuil cBOOOJHBIX IePEMEHHBIX T; U I1apaMeTpoB w; B jepeBo L'y, e x; — 37IeMenThl BeKTopa
CBODO/THBIX ITEPEMEHHBIX X.
3aMeTHM BayKHOE CBONCTBO TaKUX JIEPEBLEB: KaXKJI0€ MOJJIEPEBO F} nepesa Iy, Kopuem
KOTOPOI'O fBJIACTCA BEPIINHA V;, TAKXKE COOTBETCTBYET HEKOTOPOU CYIIEPIIO3UIINY, ABJIAIOIICHCH
COCTABJISIIOIIEH NCXOHOM CyIepro3uluu f.
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[IpemiokuM orpejiesieHre CJI0KHOCTU CYTIEPIIO3UITUH, ITO3BOJIIONIee MTPpadOBaTh CyIepIo-
UK ¢ OOJIBIITIM YUCJIOM BJIOXKEHHBIX (DYHKIHI. BBeeM moHsaTHE C/TOXKHOCTH BEPIITUHDI.

Onpeaesnienue 2. Crnoxnocts C' cynepnosunuu f paBHa CJIOXKHOCTHU jiepeBa [', cooTBeTCTBY-
IOIIETO €if, W OIPEJIE/IIeTCs KaK CyMMa KOJIUYIecTBa 9JIEMEHTOB BO BCEX IOIEPEBbIX gepeBa .

Takum obpasom miTpadyercsi Cyneprosuiiysi, CojepzKaliast GOJIbIIoe YUCJIO BIOKEHHBIX
dbyukuuii. Onpejesenne MO3BOJISET BBIYUCIATH CIOKHOCTD, [TPOU3BOJA 00XOJ JepeBa CHU3Y
BBEpPX 00pATHO 0OXO/Y JIepeBa «B IUTyOHHY» — CJIOKHOCTb POJUTENIbCKOf BEPITUHBI PABHA YIIBO-
€HHOI CJIO?KHOCTH BEPIINH ITOTOMKOB IIJIIOC €JIMHUILA. CHO}KHOCTB KOpHA 1 6y,£LeT CJIOZKHOCTBIO
Beeit cynepnosuruu, C(1,1) = C(f).

3 TpaHcdhopmauyusa mopeneii

[Tpu nopoxkieHnu MoJiesieii B 00IIeM caydae OJJHOMY B TOMY Ke 0TOOparKeHUI0 COOTBETCTBY-
0T CYTIEPIIO3UIINT PA3INTHON CJIOKHOCTH, HAIIPUMED OJIHO U TO Ke 0TOOparKeHne COOTBETCTBYET
MOJEJIAM X U W TaK}Ke BO3MO2KHDBI C/Iy4dau IIOPO2KACHUA JePEBbEB, HEKOTOPbIC BETBU KOTO-
PBIX He OKa3bIBAIOT BJIMsIHUs Ha 3HadeHne pyHKIwu (Harmpumep, ymuoxatorcsa ua 0). lannas
HpO6JIeMa OKa3bIBaeTCsd BarKHOI JJIgd MHOT'HMX KJIaCCOB 3a/Jia4d, HalIpuMep JJId IIOCTPpOCHUA JIOTI'U-
yecknx GYHKIUHA wm jist 3a1a49u yrajpsanus dyakiuu [16]. [Ijst monuManus, Kak yIporarh
110JI00HBIE CYIIEPIIO3UIINN, CJIeyeT BBECTU ITOHATHE SKBUBAJIEHTHOCTU MOJIE/IEH.

Onpenenenune 3. Mogaenab fy ¢ BEKTOPOM IapaMeTPOB Wy HA3BIBAETCsT 0O0OIIAOIIEH 11T MO-
Jienn fi ¢ BEKTOPOM MapaMeTpoB W1, €CJIH I JIF0OOT0 BeKTOPa W1 HafleTcst TaKOil BEKTOP Wy,
4TO JIst JII000ro X € D 3nadenns Gyuknuii fi(wi, X) u fo(Wa, X) paBHbI:

x € D = fi(w1,x) = fa(Wa,X) .

Onpenenienue 4. Mogenu f; u fo ¢ BeKTOpamMu mapamMeTpoB Wi U Wy HA3BIBAIOTCS SKBUBA-
JIGHTHBIMU, €CJIN KazKJiasi U3 HUX ABJISIeTCs 000OIIAIONIEH /st IPYTO.

Hns mocrpoenns: onrumasbuoit Mojesn f orpanndennoit cioxuoctu C(f) < Cp HEOOXO-
MO HaiiTu crocod TpaHchopmarnun mojean [ O0JbIeil CTPYKTYPHO# CJI0KHOCTH B MOJIE/b
MeHbIIEH CJI0KHOCTH [/ ¢ IOMOIIBIO CIEeIMAILHOIO aJIPOPUTMa, YIPOIIEeHUsI. AJIFOPUTM YIIPOIIe-
Hust MoJiesn f (W, X) MHHUMU3UPYET CJIOKHOCTH CYIIEPIO3UINI, COOTBETCTBYIOIIE ee JepeBy,
[IPU YCJIOBUH, 9TO Pe3yJIbTUPYIONast Mojesb f'(w', X) sBisercs: 0600IaroIeil MoJesIbIo JIJIs UC-
xozHoit mojesu f(w,x). Ilpu npoBejieHny JIaHHOM OllepaIui Kakue-JIub0 BepIInHbl 1 pebpa u3
JIepeBa, COOTBETCTBYIOINIETO TpaHchopMupyeMoit Mojienn f, OyayT yaaaeHbl U OY/IyT IMOCTPOEHbI
JIpyrue BepImuHbI U pedpa BMecTo HuX. O0O0OIUM aJropuT™M YIIPOINEHUs Ha oprpadbl 110000
BHU/JIa, a HE TOJILKO Ha JiepeBbs. Jlajee /i Kaxk10ro rpada 1mojpa3yMeBaeTcsi, YTo 3To oprpad.

Onpenenenne 5. lloarpad L, ynansemsriit u3 rpacda G B ajropuTMe yupoleHusi, OyaeT Ha-
3BIBATHCS 3aMEHSIEMBIM MTO/IrPadOM.

Onpenesienue 6. CoznaBaembrii mogarpad R, momemaemblii B rpad G B aJropuTMe yIpoiie-
HUsI, HA3bIBAETCs 3aMEIIAONIIM TOArPadOM.

Cy1ecTByIOT 110 MEHBIIEN Mepe JIBa IMHUPOKO MCIIOIb3YEeMbIX METO/Ia YIPOIIEHU MOJIeIelt:
«ajredpamvIeckoe yIpoIeHuey, aB/Idoleecs YacTHBIM CIydaeM ajredpandeckoil Tpancdopma-
n rpadoB, U «YIPOIEHIEe SKBUBAIEHTHBIM perenneM» [15].

3.1 Auarebpauveckuii 1moaxoj K Tpancdopmaiiuu rpadoB

Ormpenenienne TpancgopMmalun rpada Kak 3aMeHbl OJIHOTO Moirpada Ha Jpyroil saBJsgeTcs
MHTYUTUBHO IOHATHBIM, OJHAKO HeCTporuM. JIjIs1 MCIO/Ib30BaHMs MaTEMaTHIECKOTO alapara
TEOPUU KATErOpusi CJIElyeT CTPOro OIPEIenTh Tparncdopmaruio rpada.
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Omnpenenenne 7. Tpanchopmanueii f ma muoxkecrse rpados ' apiserca napa runepexem Hy
u H,, pyukiusa moucka m, crasias B cooTBeTcTBre runepexeme H; nmoarpad I', coorBeTcTBy-
IONIHI 9TON runepcxeMe, U B3aUMHO OJIHO3HAYHOE OToOpakeHue f, cTaBsIee B COOTBETCTBHE
KOPHIO 1 JTUCThbsAM Hi KopeHb u jinctbsa Ho. [Ipu 9TOM mIOpOoK gatoniue (hyHKIINN, COOTBETCTBY-
IoIe 3TUM BeEpIINHaM, JOJI2KHbBI COBIIQJaTh.

Kaxxnoit Tpanchopmaiiu, TakuMm oOpa30M, MOXKET OBITH IIOCTaBJIEHa B COOTBETCTBHE 00-
parnag TpancdopMmanua fI.

B pamkax ajirebOpamveckoro Iojxojia K TpaHcdopmaiuu rpadoB cjejlyeT BBECTH KaTero-
puto TpaHcdopmaluii rpacdoB &, odbekTaMu KOTOPOil siBjsitoTcs rpadwl ', a crpeakamm —
tpaHcdopmanun rpados f. Pacemorpum akcrmombl KaTeropun.

1. &-o0bekTamMu B JAHHON KATETOPUU SIBJAIOTCS MHOXKecTBa rpados .

2. &-cTpesKaMU B JAHHOI KaTErOPUU SABJISIOTCS TpaHcopManyun rpados f;.

3. Oyukruu dom(f) u cod(f) masa rparcdopmarmii rpadoB OIPENETIIOTCS ¢ TIOMOIIBIO (DYHK-
nuu noucka m. cod(f) moxer 6biTh Haiimen kax dom(f1).

4. AccormuaTuBHOCTD CJIEIyeT U3 HAJIMYIns OOpaTHON (DbYyHKITHH.

5. Ejpunwureit gBisgercs TpuBUBaJbHAA TpancdopMmalud ¢ runepexeMamu Hy = Hy = #.

Anrebpandeckuit moaxo K TpaHcgopmannn rpadoB OCHOBBIBAETCA Ha KOHCTPYKIMHA KOJIEe-
KapToBa KBaJpaTa MOP(MU3MOB.

Onpenesnienue 8. KomekapTos kBajipaT MopdusmoB f : Z — Y ug: Z — X —s10 00bEKT P
u 1Ba Mopdusma i : X — Puj:Y — P, g KOTOPBIX CAeAyIoIas JuarpaMmMa KOMMYTaTUBHA:

P—X (1)
1
Y7

Konekapros kBajapar (P, i,j) siBIseTcs YHUBEPCATBHBIM CPeJ 00bEKTOB, JIJIsi KOTOPBIX JIa-
rpamma (1) KomMmyTaTuBHA, T.e. Jig J060i (Q, 4, j'), TaKOro UTO MpeablIyIas Juarpamma
KOMMYTHUPYET, CYIIeCTBYeT €IMHCTBEHHbIIH MopdusMm v : P — (), Aesarommii cIe Iy onyio Jmua-

(2)

rpaMMy KOMMYTATHUBHOMN:

Kak wm Joboii yHuBepcaabHbIil onepaTrop, KOJIEKapTOB KBaJIpaT OIpPEeJeeH ¢ TOYHOCTBIO JI0
nzomopduszma.

Onpenesnienue 9. KomekapTos kBajipaT MopdusmoB f : Z — X ug: Z — Y — 510 Koupeen
juarpamMMbl X <— Z — Y.

B kontekcre KaTeropuu rpados, UCIOJIL3YyEMON B JaHHON padoOTe, KOJIEKAPTOB KBaIPAT sB-
JIsieTCs M3 BIOHKTUBHOM cyMMoii MHOYKecTB rpadoB X u Y, mpu 3TOM 3/1eMeHTHI ¢ OOIIUM IIPO-
00pa3oM B MHOKECTBe Z CKJIEMBAIOTCS, T. €. JIJIs KayKJ0ro rpada — 3jieMeHTa MHOXKECTBA / —
00pasbl ero BepInH u pedbep OTHOCUTE/THHO ITpeodbpa3oBanuii ¢-g u j- f OyayT coBnaars. B pam-
KaX JIaHHON paboThl BMECTO TEPMUHA «KOJEKAPTOB KBAJIPAT» TaKyKe OyIeT MCIIOIb30BaThHCS
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TEPMUH-CUHOHUM «CKJIeiKay. Tpancdopmanus rpada MOXKET CTPOUTHCA Cpa3y Kak JBa KoJle-
KapTOBBIX KBaJjpaTa. JaHHBIH IIOAX0/ Ha3bIBAETCA JBOMHON CKJIEUKON B IPOTHUBOIOJIOXKHOCTD
K OJHOKpaTHO# ckJjeiike. Oba 1mojaxosa ommcanbl HuXKe. B mnporecce Tpancdopmalun rpados
KaxKIplil rpad 'y — sstemenT MuOXKecTBa X — ABJISIETCS 3aMEHSIEMbIM U 3aMEHSIIONINM IO Pa-
dom, kaxkbIil rpad 'y — semenT MHOXKeCcTBa Y — HEM3MEHHON YacTbIo 3TOTO rpada, a 3Je-
MEHTBI Z — 00IIeil 9acThbio 3aMeHsIeMOI'0 U 3aMeHsioliero mnoarpados. EcrecrBeHHbIM 00pa3zoM
BBOJIUTCS ortepalius coenuaenus rpados ['; u ['y, pesynbraTomM KOTOpOit SB/IgeTCsS 00beIMHEHIE
MHOKECTB, IIPA 9TOM COOTBETCTBYIOIIHE BEPIIUHBI U pedpa HaK/IaJbIBaIOTCd JPYT Ha Jpyra.

3.2 Tpancdopmarnus ABOMHOI CKJIEKOIT

g paccmoTpenusi TpancdopMalmun rpadoB HEOOXOIUMO BBECTH IIOHSATHE IIpPaBUJIa, I10-
CTPOEHHOTO B BHUJIEe KOJIEKapTOBa KBajpara MopdusmoB. Muoxkecrsa rpadoB A u @ gpistorcs
B CXeMe KOJICKapTOBa KBaJjpaTa MHOXKECTBOM X, MHOKECTBO rpad W — MHOXKECTBOM Z, a MHO-
xkecTBy Y coorBerctByer A. MuoxkectBy P i1 JBYX KBaJpaTOB COOTBETCTBYIOT HAYAHHBIN
u KoHeuHbI rpadsr ' u ().

Onpepesienne 10. IIpasusio — sro tpoiika p = (A, ¥, ®), rme A u O apsioTcs 3aMeHsIeMbIM
u 3aMemaronuM noarpadamu u rpad ¥V gapiasercs obmieil dacTbio noarpados A u ®, T.e. ux
nepecedeHneM. 3aMeHsIeMbIil, I HadaJIbHBIH, moarpad A Ha3bIBAeTCsl YCIOBHEM IIPUMEHEHMUsT
[paBUJIa; 3aMeInaiouil, Win KOHedHbId, moarpad ® — mrorom ero npumenenus. [loarpadp W
OIMCHIBAET YacTh I'pada, HeoOXOMUMYIO JIJIsi TPUMEHEHUS IIPaBU/Ia, HO HEM3MEHHYIO B ITPOIIEcce
npumenennsi. MuoxkecrBo A \ W sBiisieTcst ynajseMoii 9acTbio rpada, BMECTO Hee CO3/aeTcs
muOKecTBO P\ .

Onpenenenne 11. Ilponenypa moumcka m — orobpaxkenue u3z A B I', craBsmas B cooTBer-
cTBHUE 3aMeHsieMOMY Tpady SKBUBaJEHTHBIH emy noarpad. [Ipu sTom mporeypa m coxpaHsier

CcTpYKTYpy rpaca I'.

Omnpenenenne 12. Tpanchopmarus rpada — 3T0 mapa, dJIeMeHTAMH KOTOPON SIBJISIFOTCSI
[IpaBUJIO p U Iporeaypa moucka m. Ilporeaypa rparcdopmaruu rpada I' B rpad €2 ¢ momorbo
IpaBmJia p U MPOIEAYPHI ITOUCKa M OyIeT TakKe 0003HaYaThCd Kak [’ 22 0.

[Iporeaypa TpanchopMmalinu rpada IpaBujIioM p U IIPOIELYPOil IIONCKa M COCTOUT U3 JIBYX
maros. Ha nepsom mare Bce pebpa u BepIinHbl, coorBeTcTByomme MaoxkectBy A\ U, yrassaorcs
u3 rpada ['. Yiansgemass 9acTh MOXKeT He SIBJISIThCA rpadoM, HO OCTaBINAsICA CTPYKTypa A =
={I'\m(A)} Um(¥) momkna ocraBarbes rpadoM, T. . B Hell He JTOJZKHO ObITh MO/BEIICHHBIX
pebep. Takum obpazom, mporegaypa MOUCKa M JOJKHA YJIOBJIETBOPITH YCJIOBHIO COEJ/IMHEHUS
rpadoB, T.e. pesyabrarom coepuuenust A \ W u A gpisercs rpad I' (cm. quarpamwmy (3)). Ha
BTOpOM Tare Tpanchopmarmn rpad A coenunsiercs: ¢ rpadom ¢\ U is 06pazoBaHust IPOM3-
BozHOrO rpada 2 (em. guarpavmy (3)). Tak kak noarpader A 1 ¢ moryT mmers mepecedenue W,
noarpad ¥ cymectByer n B HauagbHOM rpade ' n He yjasndgeTcd Ha mepBoM Iare, T.e. CyIe-
CTBYyeT ¥ B poMezKyToIHOM Tpade A. Jlsa npucoeuaenns HOBBIX pebep u BepInH K rpady A
ucrnob3yercd rpad V. Takum 06pazom orpee/IaioTcs TPUCOSTMHEHHBIE BEPIITHHBI, C IIOMOITHIO
koTopbixX rpad P npucoenunsiercs k rpady A. s nmogydenus rpada onTUMAaIBHON CTPYKTY-
PBI TIPOIEypa OJUHOYHOM TpaHcdopManyy rpada MoKeT ObITh BBITOJHEHA HECKOJBKO Pas.

Qopmanbio Tpancdopmalus rpada 3aaeTcesd caeayomuM oopazoM. [lyeTh namsr mpaBuiio

p=(A+ V¥ — 9)
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U IPOMEXKYTOUHbIH rpad A, KoTopslil BKodaeT B cebst W, Torna ncxonusiit rpad ' rpancdop-
maruu I' — ) ¢ momorpio mpasuia p — 31o coeunenne A u A ¢ nmomorpio W:

I'=A+gA,

a pesyabTupylommii rpad (2 ompenensiercs Kak coeaunernne ® u A ¢ momorpio W:

Q:(I)—l-q;A.

Boutee TouHO MCIOMB3YIOTCA MOPMU3MBI

r:U—A; [V — P, kv — A

JUISE TOrO, 4TOOBI IOKa3aTh, KakuM obpaszom W Bxomur B A, ® u A coorsercrenno. /lan-
HBII c11ocob mmocTpoennst HadaabHOro rpada I' u Koneanoro rpada () mo3BoJIsIeT OIPeIeInTDb
koucTpykiun coeauuernst I' = A + A u Q@ = & + A Kak KOHCTPYKIUU CKJICHKH (CM. Jia-
rpammy (3)). Takum ob6paszom, muarpamma (3) siBJIsieTCs JTBOWHBIM KOJEKAPTOBBIM KBaJIPATOM.
Pesynbrupyrommit mopdusm n : ¢ — 2 HazbiBaercst Ko-mmonckoM Tparcdopmarun I — . Jlan-
Hast PYHKIMS sABJsgeTcsd pyHKImei nmoucka B rpade €2 noarpada, n3oMopdHOro 3aMeHAIONEMY
noarpady . KommyraruBnas auarpamma Jijisi Tpancgomaiuu rpada CTPOUTCS CJIELyIONIM
obpaszoM:

A - v l i) (3)

Jls1 mpuMeHeHnsT TpaBU/Ia p ¢ Ipoleaypoii moncka m moarpada A B rpade I', npu 3amanHoM
mopdusme m : A — I, Kak MOKa3aHO Ha KOMMYTATUBHOI Juarpamme (3), B IEPBYIO OYepejib
HEOOXOIMMO TIOCTPOUTDH IIPOMEKYTOUHBIH Ipad A Takoii, ato coenunenne A+ ¢A gact pe3yiib-
tatom rpacd ['. Ha ciaemyromewm mare crpoum coeuaenne Y + ¢ A rpados ¢ u A ¢ momorsio
rpada V¥, mosyqas rpad €2, u, TakuM 06pa30oM, IMoIydaeM IPOoIeaypy ABOiHOM cKieiiku I — ()
¢ TIOMOIIHIO TIPABUJIA P U MPOIEAYPhl moucka m. /[y mepBoro mara HeoOXOIUMO BBITIOTHEHIE
YCJIOBHUsI COeIMHEeHNsT I'Ppad OB, UTO MMO3BOJIAeT HaM mocTpouTh A u3 yejaousa I = A + ¢ A. g
[IPOTIELYPhI M YCJIOBUE COeMHEHNsT O3HATAET, YTO BCe MOJIBEIIeHHbIE BEPIITHHBI A, T. €. BePIINHbI
v € A, Takue, 9TO m(v) ABJIIETCS HAYAJIbHOM MJIM KOHEYHOW BEPIINNHONI HEKOTOPOro pebdbpa e,
npunaiexarero I\ A, nomkabl 66t B V.
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PaccemorpuMm nipumep ABOIHOM CKIIEHKY:

), (4)
L, @ O 1) (@)

(5) (3)
A v o

(PO1) (PO2)

r A Q

ON
I © ® L —©
L6 oo L@
(6) —(7) (6)—(7) (6) — ()

Hanmast nuarpamma coorercrByer obieii cxeme (3). Cremyer 3aMeTHTb, UTO B JHArDAM-
me (3) rpad ' aBagercsa coenumuennem rpados A u A ¢ nomomnipio W, npudeM 0603HAUEHNUST
BEPIINH TOKA3bIBAIOT, KAK BEPIIUHBI pa3MedaloTcs IIPpHU MPUMeHEeHuN MOPMOU3MOB.

PacemorpuMm yemoBre KOppeKTHOCTH ITOCTpOeHUsi CTPyKTypbl rpada A. Pasmerka pebdep
MOKET OBITh €JMHCTBEHHBIM 00Pa30M BBIBEJEHA U3 Pa3METKU BEPIINH. YCJIOBUE COEIMHEHUSI
BEPIINH BHINIOJHEHO Ha JuarpaMme (4), moroMy 4To mojsernernbie Bepimunbl (1) u (2), npunaj-
Jexkarume A, TakyKe sIBJISIIOTCA COeJIMHUTEIbHBIMU BepruinHaMu. Takum oOpa3oM, He OCTaeTCs
HOJIBEIeHHbIX pebep, Bbixomsmmx u3 Beprmi (1) u (2). IIpu srom rpad Q saBisercs coenn-
wenuem rpados ® u A Bmecte ¢ ¥, yro nmpuBoautr K Tpanchopmarmu [ — () ¢ momorso
npasuia p. Pakrudeckn guarpaMMel (3) u (4) sSBISIOTCI KOJEKAPTOBBIMU KBaJIpaTaMy B KaTe-
ropun rpadoB, cocTodireil u3 rpadoB 1 MOPGPU3IMOB Ha HUX.

Cdopmymupyem TodHOE yCaoBUe coeaunHeHus rpados npu tpanchopmanun rpada. s
9TOTO BBOJIMM CJIEJIYIOIIIE OIPeJIe/IEHNUS .

Onpenenenne 13. Touku coemuennst — BepIIMHBL 1 pedbpa B A, KOTOpBIE HE YAAISIIOTCS TIPU
IIPUMEHEHUN TIPpaBUJIa p.

Onpenenenne 14. Touku obHapyzKeHust — BepIUHbI U pedbpa B A, 00pa3bl KOTOPBIX OTHO-
CUTEJIbHO M UMeloT 0oJjiee OJIHOrO IIpoodpasa.

Onpenenenne 15. I[loapemennbie BepnHbl — BepIInHbI B A, 06pa3bl KOTOPBIX OTHOCHTETh-
HO M B [ mMeroT BXOSIIME NN BBIXOIsIUE pebpa, He cojepzKaruecs B A.

B mannbIX ompejie/IeHusX YCJIOBUE COeUHEHNs rpada BBIVISIUT CJIEIYIONINM 00pPa3oM.

Teopema 1. [14] Ilycrs manbt npaswio p = (A <+ U — &), rpad ' u nporeaypa nowmc-
ka m : A — I'. Bepmunsl rpagos oboznavdarorca 6yksoit V', pebpa — FE. Torma mpasujio p
¢ TPOIIEAYPOi TTOUCKA M YIOBJETBOPSIET YCIOBUIO COEIUHEHUs, €CJIH BCe TOUYKH OOHAPYZKEHUs
U TIOJIBEIIEHHBIE BEPIITUHBI TAKKE SIBJIIOTCS TOYKAMU COETMHEHUS.

JlokaxkeM JaHHyio TeopeMy OT npoTuBHOro. IlycTh cymiecTByeT mojiBeniennas BepIinHa vy,
He sIBJIAIONIAsICS TOUKON coenaenus. lannas Bepina yjaajusgercd u3 ' mpu npuMeHeHnn mpa-
Bwita p. Oarako B I’ cymecTBytor pebpa, He cojepxkaiimecs B A u npucoeMHeHHbIE K V. TakuM
obpa3oM, ToJIydeHnblii rpad OyJieT HeJIOIMyCTUMBIM, IIOTOMY YTO y HEKOTOPBIX pedbep He Oyjier
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HavaJsa Uik KOHIA. TOUKM OOHAPYZKEHUsI sIBJISIIOTCS TOUYKAMU COEIUHEHNUsT, TaK KaK MHAYe IIpa-
BUJIO OyJIeT BHYTpPEHHE IPOTUBOPEIUBHIM.[]

Orpanuyennst, HaK/1a/bIBaeMble eCTeCTEHHBIM 00pa3oM Ha TpancdOpMaluy JBONHOlN CKIei-
KOIi, He MO3BOJIAIOT YI00HO IPOU3BOINTL MHOTHE Ollepallii ¢ TpadaMi, HCIOIb3yeMble Ha IIPaK-
Tuke. Tak, omepalys 3aMeHbl BEPIIMHBI OJIePeBa v; He MOXKeT ObITh OIMCaHa B BUJE 3aMEHsI-
€MOro M 3aMenaionero rpadoB, COCTOSIINX U3 OJHONW BEPIIUHBI, TaK KaK €CJIU B 3aMEHIEMOM
rpade BCero ojHa BepIIMHA U;, 9Ta BEpIIMHA He OYIeT SBIATHCA MOJABENIEHHON, TOJILKO eC/In
Bech Tpad COCTOUT M3 OJHON BepHmIMHBL. Takum 0Opasom, s IpUMEHeHHsl TpaHchopManuii
PEJJIaraeTcs MeTO/l, CONOCTABJISIIONIMN HEYI0BJIETBOPAIONEH yegIoBusAM TpaHchOpMaIil Ha-
6Op JIOIMYCTUMBIX TpanchOopMaImii.

TeopeMa 2. Jlwboit Tparchopmaru t = (A, ¥y, ;) rpada coorBercTByeT HAGOD MPABHII
= (Ap,, ¥y, Dp,), YIOBIECTBOPSIONIAX YCJIOBHIO COEIUHEHHSI, TAKOMH, ITO JIIOOOE IPUMEHEHHE
TpchcbopMauHH t AHAJIOTMYIHO MPUMEHEHUIO OJIHOTO U3 IIPABUI Py.

JlanHasi TeopeMa JIOKa3bIBAe€TCsl KOHCTPYKTUBHO — PaCcCMaTPUBAIOTCS BCE BO3MOXKHbBIE Ha-
OOpBI KOJIMYIECTB pedep, KOTOPbIe MOT'YT UMETh TOYKU COCJIMHEHUS V., W JJIsd KaxKJI0ro Habopa
CO3/IAI0TCsI 3aMEHsEeMbIil 1 3aMelaionuii moarpadbl, B KOTOPbI 100aBISIOTCA BEPIIUHBI TH-
Ia # Ha KOHIAX BceX pedep, BBIXOJANNX U3 U, W HE COJACPXKABIINXCHA PaHee B 3aMEHIEMOM
noarpade AL

Mopdusmer ¥ — A u ¥ — $ B nponsBeeHIAX MOI'YT OBITH OIPAHNIEHBI KaK NHbHEKTHBHBIE
Mopdu3Mbl — Kazk oMy obpasy B A u & coorBercTByeT TOIBLKO ojuH mpooobpas u3 V. Tem ne
MeHee BO3MOXKHBI HEeMHbEKTUBHBIE BAPUAHTHI IIporeayp moucka m : A — I' u ko-moucka n : ¢ —
— ). 910 MOKET OBITH OCOOEHHO BayKHBIM, KOT/Ia PACCMATPUBAETCS TapasIIe lbHOE TPUMEHEHUEe

ITPaBUJI:
pl@pg : A1@A2 < ‘111@‘112 — @1@@2,

rje @) ozHauaeT MU3BLIOHKTUBHOE 00beHeHre. [laye Jjisi HHbEKTUBHBIX BADHAHTOB My @ Ay —
— I' ¢ momorpo p; 1 My : Ay — I' ¢ moMombio py, urorosas omnepamus m : A + Ay — I' ne
SIBJISIETCsl MHBEKTUBHOM, ecsim 06pasbl mporenyp nomcka my(A;) m my(Ay) umeror memycroe
repecedenue B .

Teopema 3. CymecrByer Habop Tpancdopmanuii (p1, my) u (pa, M), TAKOI, 9TO UX HAPAJ-
JIeJIbHOE MIPUMEHEHNe UMeeT HeMHbeKTHBHYIO (hyHKIUIO Toncka m = my @) my.

[TocTponm npumep rakux Tpancdopmanuii. [lycrs Tpancdopmarms npeobpasyer gepeso [y,
cootsercrpyionee Gyukuun fo = (r + 1) * (x — 1+ 2? — 2 + 1), u ecTb JaBa IpaBuIa

pr={(+1)(z-1),2"=1}; pp={(z+1)@* -z +1),2° +1}.

B oboux stux npasumiax nogarpad ¥ sapisgercs myctbiM. O6e Iporeyphl IOUCKa My 1 My OYIYT
HAXOJUTh 4YacTh cyneprosunuu (x + 1). U3 sroro ciemyer, uro npu obbemunennn A; u Ay
y oxHoro obpasza u3 I' Oyzer Oosiee ofHOTO IIPOOOPAa3a, T. €. 00beINHEHHOE IIPABUJIO P JBAKIbI
Haiiier B rpade ['y moarpad, coorsecrBytomuii cyneprosurmnu (z + 1)-.00

st paccMOTpeHust CIydaeB MPUMEHEHUsT HeCKOJIBKUX TpaHcopMalliii HeoOX0 MO OIpe-
JIeJINTh YCJIOBUE, TIPU KOTOPOM TpaHC(OPMAIUT MOTYT HTPUMEHSATHCS TOC/IEI0BATEILHO U Ia-
paJsutesibHO. BBeieM moHsaTHs napasiie bHO 1 nocne;LOBaTeﬂbHo HE3aBUCUMBIX TpaHchHOpMaInii.

p17 p27
Onpenenenne 16. [Ipe Tpanchopmariun rpacdos I " url ? )y ABAAIOTCS TAPAJ-
JIEJIbHO HE3aBUCHUMBIMU, €CJIM BCE BEPIIMHBLI U pedpa, Ioma aolue B oopa3 000ux Moppu3MOB
[TOUCKA, SIBJIAIOTCS COEIUHUTETLHBIMU:

me Ag le ll ﬂmg ll \112 )
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p17 b2,m2
IBe Tpamncdopmanuu rpacdos I’ YOy m Q"8 Qy sBasmOTCH HOCIIEI0BATEILHO He3a-
BUCHMBIMHE, €CJIN BCe BepIINHbI U pedpa, MonaJaloliie B mepecedenre MOPMU3IMOB Ny U My,
SIBJIAIOTCS COEMHUTETHHBIMMT:

mm2 (A2) € ny(r (U mm2 (Io(Wq)).

Ciiestyer 3aMeTuTh, 9T0 J1j1s I'PadOB-J€PEBbEB BOZHUKAET IIPOCTOH JTOCTATOUHBIN KPUTEPUit
napesyieIbHOR W TOC/Ie/IOBATEIbHON HEe3aBUCUMOCTH TpaHchOpMaIliil, ecjau UX 3aMelaeMble

rpadbl A ABISIOTCS OIHOCBASHBIMIA.

Teopema 4. JIse tpanchopmarun rpados-epesbes I' 725" Q; u I' P28% Q, apnsores na-

paJlIeJIbHO U MOC/IeI0BATEIbHO HE3aBUCUMbIMU, €T 0Opa3bl KOpHEii v1 U vy jiepeBbeB my (A1)
u my(A;) He IpUHAJIEKAT JIPYT JAPYTY:

v & mz(A2) i v & ml(Al) . (5)

Janrast TeopemMa mpocTBIM 00pa3oM JOKas3blBaeTcss oT mporuBHOro. Ilycts ycmosme (5)
BBIIIOJTHSIETCST M CYIIECTBYET BepInHA Vg, [PUHAJJICKAIAs [IePECEIeHII0 MHOXKeCTB my (A1)
u my(A). Torya B rpade Gyer UKL, TPOXOSIHii Yepe3 BEPIIUHBL U1, Uy, U2 U KOPEHb JIepeBa.
Ho B nepese ne moxker ObITH MUKJIOB.[]

OrnpejiesieHre HE3aBUCUMOCTH OKa3bIBAETCS HEYIO0OHBIM JIJIsi IPUMEHEHHUsI, TaK KaK OHO CJIa-
60 dopmanunzoBano. OnpeenM HEOOXOIUMOE U JIOCTATOYHOE YCJOBHE, MPU KOTOPOM T'padbl
SABJIAIOTCS TIAPAJIJIE/IBHO WK MTOCIE0BATEIHHO HE3aBUCUMBIMI Yepe3 CYIIEeCTBOBaHUE COOTBET-

CTBYIONIUX MOP(MOU3MOB.

Teopema 5. [14] /Ise rpancdopmanuu rpados I' POy u T 7282 Q, amisiores napadt-

JIEJIbHO HE3aBUCUMBIMU, €CJIM CYIIeCTBYIOT MOpPdu3Mbl 7 : A — Ag u 7 : Ay — Ay, Takue, 9aTo
Jfooi=myu froj =my:

R Ty VL e
| | . X S | |
ni k1 _J m (2N ko n2
/ g1 Vs f1 \ /2 f2 SN 92 /
Ql Al r AQ QQ

p17 p27
Teopema 6. [Ipe Tpancdopmarun rpacdos I’ "QuQ * T SBJIAIOTCH TIOCJIEI0BATEIBHO
HE3aBUCUMBIMHE, €CJIU CYIIECTBYIOT MOpuU3MbI ¢ : P — A, 1/1 j : Ay — Ay, Takume, 91O fo0i = 1y

Hgloj:mQ: A1<L@1L>q)1 - - = - A \P2—>q)2

| | N / - | |
ny k J N k no
/ 1 4(1 “ g1 \ / fa = \112 g2 /

AN Q Ay I/

HokazareabcTBo. PaccmoTpuM HEOOXOMUMOCTD M JIOCTATOYHOCTH KPUTEPHUS JJIsd HapaJi-
JIeJILHOM He3aBucuMOocCTHU. /1 mocsieioBaTe/ IbHO He3aBUCUMOCTH JIOKA3aTETILCTBO OYyJIeT CTPO-
UThCS aHAJOTUIHBIM 0OpasoM. Beprimua v € A; Win IpUHAIEKAT MHOXKECTBY Mo (Ag), mim
JIezKUT BHe ero. PacemorpuMm oba cirydad.

1. MuoxkectBo my(v) & ma(As). Bee Bepmunbt rpada I' sasgiores obpazaMu Ipu mpuMeHEHUH
orobpazkenuii my win fo. Orcioma my(v) € fo(Ag).

2. MuoxkecTBO ml(v) S mQ(Ag). Torna ml(v) € ml(Al) N mg(Ag) - ml(ll(\lll)) N mg(lg(\llg))
[Tpu 5TOM M3 KOMMYTATUBHOM JuATPaAMMBI ciieayer, 910 My (le(Vs)) = fo(ka(Ws)). Orcrona

my(v) € fo(As).
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B oboux ciyuasx okaseiBaercs, 9o my(z) € fo(Ajy), Tak 9TO HHHEKTUBHOCTH fo MO3BOJISIET
HaM onpeaesmTh i(z) = f; ' omy(x). Ananormano, j onpeaenserca U3 yCIOBHsA f 0 j = my.

[Ipu mavsbIX 4,j ¢ fooi = my u fioj = mg myctb y € my(Ay) [\ ma(Ay). Torma y €
€ my (L)) f1(j(Az)). U3 ycmoBus kKojekapToBa KBajpara CJIELyeT, UTo CyIecTByer z; € Wy,
takoe, uro y = my(l1(z1)) = fi(k1(z1)). Buaaur, y € my(l1(¥y)), anamornano y € my(la(¥s)),
OTKy/Ia cieyer yeiosue HesaBucumocT my(Aq) (ma(Ag) C my (1 (V1)) ma(ly(¥e)).0

C ucrosb30BaHueM JAHHLIX KPUTEPUEB MOXKHO OIIPEJIE/INTh, KaK CBA3AHBI JIPYT C JIPYrOM
He3aBUCHMbBIE HapaJLIeIbHO U MOC/IeA0BaTeIbHO TpancdopManun. Jlannas TeopeMa siBIAETCS
JacTHBIM cJIiydaeM TeopeMbl Yepua—Poccepa.

3.3 Tpancdhopmarnus OANHOYHOU CKJIEHKOI

Kak 6b1710 0T™MeUeHO, KOHCTPYKIIUN COEIMHEHUsI B aJaredpandeckoM MOIX0/Ie SBIIAIOTCS KO-
JIEKAPTOBBIMH KBaJIpaTaMi B CMbICIe MOphu3MoB Kareropuu rpadon. C Apyroii cTOPOHBI, IIpa-
Bwio p = (A < U — &) moxer ObITH TaKKe PACCMOTPEHO KaK YaCTUIHBIN Mopdu3m rpados
p: A — @, jomenom Koroporo siisiercst MuoxkectBo dom(p) = W. Bosee Toro, auarpamma
(T < A — Q) Mmoxker ObITH PACCMOTPEHA KaK JacTu4HbIi Mopdusm rpados s : ' — Q ¢ mome-
HoM dom(s) = A. Takum 06pazoM, moJIyIaeTcst CIeayomas uarpaMMa;

/(4)\ (6)

Ha manmoit gumarpamme ropu3oHTAJbHBbIE MOP(MU3MBI SBIAIOTCA YACTUIHBIMU, & BEPTUKAJID-
Hble — HOJHBIME Mopdusmamu rpados. [lo cytu, aumarpamma (6) sBIgETCS KOJIEKAPTOBBIM
KBaJpaToOM B PacCHIMpeHHOil Kareropuu rpadoB, KOTOpas COCTOUT U3 IpadOB M YaCTHUIHBIX
Mopdu3Max Ha rpadax M MoKa3bIBaeT, YTO TpaHcdopMalmu rpadoB MOTYT ObITh BbIPAYKEHbI
KaK OJIMHOYHBLIC KOJCKAPTOBLI KBAJAPATHl B PACHIMPEHHO KaTeropun rpados. JaHHblii moaxo.
pasBuBasicsa Paynem [17] u 611 mosiHoCThIO paspaboran JIése [18], mrorom ux paboTsl aBsgeTCS
HOAXOJ, OJJHOKPATHOI'O BBHITCCHEHHUS.

C TOYKM 3peHust IPUKJIAIHOIO MCHOIL30BAHMS IIOIXOJ, C OJUHOYHLIM BBITCCHEHHEM OTJIH-
4aeTCd OT MOJXOJA C ABOMHBIM BLITECHEHUEM B OQHOM IJIABHOM OTHOIIEHHH, KOTOPOE KacaeTcs
yJAJeHNs BCIIOMOTaTeIbHBIX 3J1eMEeHTOB rpada B mporecce Tpancdopmaryn rpada. Ilponesypa
noucka m : A — ' He yIOBIETBOPSIET YCIOBUIO COCIMHEHMs 1O OTHONICHUIO K IPABUILY P =
= (A + ¥ — @), nosroMy JaHHOE IPABUJIO HE IPUMEHUMO B IOJXOJIE C JIBONHBIM BHITECHEHHUEM.
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HO OHO MOZKET 6bITb IIPUMCHHMO B IIOAXOA€ C OAHOKPaTHBIM BBITCCHCHHEM, KOTOPOE ITO3BOJIAET
HOSIBJIATHCS TIOJBEIIIEHHBIM pebpaM noce yiaaserus noarpada A\ ¥ usz I'. Crenyer 3amMeTuth,
4TO MoJBeleHHble pedpa u3 I’ TakKe yIaagioTes I Co3AaHns JoimycTuMoro rpada €.

Eciu na quarpavme (4) Bepumuna (2) 6bi1a 661 yaanena u3 W, 1o KOHCTPYKIHsI COEUHEHMSI
He yJIOBJIETBOPsijia Obl MOJAXOLY ¢ JIBOWHBIM BhITECHEHHEM. B MO/IX0/Ie ¢ OJHOKPATHBIM BBITECHE-
HIEM 9TO 3HAYUIIO Obl, 9TO BepIIrHa (2) He HAXOIUTCA B JIOMEHE P, UTO BEJET K MO/IBEIIEHHOMY
pebpy B I' mocste yrnamenns A\ dom(p) Ha auarpamme:

+ + +
*/ - — IS r/
AN (ll
Ty T2 X2 L2

B pesymnbraTre pebpo e yasimercs u3s €.
Bosee noo6HOe onmncanme n cpaBHEHUE JIAHHBIX MOJXO0B pa3obpaHo B [19).

3.4 IlpukiagHas 3aja4a ynpoIleHUsl CyNnepIIo3UuIaii

[Ipu nocsienoBaTeIbHOM MOPOXKAEHUN MOJIETIEll 3a9aCTyI0 OKA3bIBAETCA TaK, YTO HEKOTOPBIE
9aCTU MOJIEJIH CTAHOBATCS pyanMeHTapHbiMu. Yiporienne Coyita [20] siBisiercst BapuaHTOM aJi-
redpanvecKkoro yrpoImeHus, B KOTOPOM 00bEeKTaMU YIPOIICHUS ABJIAIOTCA JJIEMEHTBI MOJIEJIeH,
napaMeTpbl KOTOPBIX HE BJIUAOT Ha 3HadeHne ¢pyHkiuu. O0acTh TPUMEHEHHs MOTOOHBIX Me-
To710B orpanuyena 20|, 0JJHAKO OHM MOKA3BLIBAIOT XOPOIIUii PE3Y/IbTAT HA HEKOTOPBIX 33/1auax,
HarmpuMmep npu obuapyzkenuun GyHkimu. B manHOM THIe 3a7a9M BOCCTAHOBJIEHUS] PETPECCUN
JIUCTIEPCHS CJTyYaifHON OIMMMOKN paBHA HYJIIO U BHIOOPKA T€HEPUPYETCs B COOTBETCTBUU C KaKO-
b0 TasoHHON DyHKIMEH fj, KOTOpas JO/KHA OBITh OOHAPYKEHA AJTOPUTMOM.

Viporlenne SKBUBAJICHTHBIM PEIICHUEM 3aKI0YaeTCd B CpABHEHNN 3HAYEHU MOJIEIe, a He
CTPYKTYP. DKBUBAJIEHTHOCTb MOJIEJIeil TPOBEPsieTCsT HEe 0 CTPYKTYPE JIEPEBBEB, COOTBETCTBY-
IOIUX UM, & YUCJIEHHO. B TaKoM ciiydae JBa BbIpaKeHus, JAIOIIe PaBHbIe 3HAYEHUs Ha 001aCTH
OIlpeJIe/ICHNA HE3aBUCUMBIX IIEPEMEHHBIX MOJICJIN, CIUTAIOTCA PAaBHBIMU.

Omnpenenenne 17. I[llabson 0 — runepcxema, obJiagaionias HAMMEHbIIEH CJI0XKHOCTBIO CPeII
BCEX TUIIEPCXEeM, TAKUX, 9TO MPHU UX B3AUMHOM 3aMEIIEHUN TOJIYIaeMble MOJIETN OKA3bIBAIOTCS
9SKBUBaJIEHTHBIME. CJI02KHOCTD TUIIEPCXEMBI OIIPEJIEISIeTC KaK CJIOXKHOCTD CYNEPIO3UIUN TTPU
3aMeIeHnn BeeX cuMBOJIOB {=} u {#}, 03HAUAIOIINX COOTBETCTBEHHO IIPOM3BOJIHHYIO HE3aBHU-
CUMYIO IIEpEMEHHYIO M ITPOM3BOJILHOE TOAEPEBO, Ha KOHCTAHTHI.

DKCIEPTHO BBIOMPAETCsS HEKOTOPBIH HabOop mrabsonoB O. Ilporemypa ymupornenns cocTouT
u3 ABYX HIarosB.
1. Bce nonnepesbsa I'; B BolOpannoM gepese I' mpoBepAIoTca Ha SKBUBAJICHTHOCTD MIa0JIOHAM
3 O COIJIaCHO 3aJ]AHHBIM ITPABUJIAM.
2. Ecsm xakoe-m6o nomjepeso ['; B JepeBe 9SKBUBaJICHTHO JiepeBy U3 O, JaHHOE MOJJICPEBO
3aMeHdAeTCAd COOTBETCTBYIOIIUM 3JICMEHTOM U3 @
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[Ipormemypa moBTOpsieTCs: 10 TeX IOpP, IMOKa IIOC/IE BBIMEEePEeINCIeHHBIX HTepaluii gepeso I’
He OCTaHeTCcd Henm3MeHHBbIM. [Ipn Hamanm B MHOXKECTBE IMOPOXKTAIOMKUX (DYHKITNNH KOMMYTaTHB-
HBIX (DYHKIUH BBOAUTCA a/i(paBUTHOE YIOPsIOUEHNE JIJId BETBEH, BBIXOIANINX U3 BEPIITUHBI ;
nepeBa [', cooTBeTcTBYyIONIEH KOMMYTATUBHON MOPOKIAIONIENl (PYHKINH ¢;.

DKBUBAJEHTHOE YIIPOIIEHUE SBJISIETCs aJIbTePHATHBOM ajarebpandecKoMy YIIPOIIEHHUIO, 103-
BOJIfA YIIPOIIATh HEKOTOPbIE MOJAEJIN 3a MEHbIlee KOJIMIeCTBO onepauﬂﬁ.

PacemoTpuM €102KHOCTH aJICOPUTMA, YIPOIIAIONIEr0 IO/JIEPEeBO BBICOTHI [ ¢ BepHIMHAMM
aproctn He 6osee m. KolmdecTBO BEpIIHH B TAKOM JlepeBe OTPaHMYMBACTCS CBEPXY Kak m/.
PacemorpuMm s1epeBo ¢ MaKCHMAIbHBIM KOJIHIECTBOM BEPIIUH — JIJI TAKOI'O JIepeBa BCe BEPIIN-
HBI, KPOMeE JINCThEB, OYJyT UMETh apHOCTH M. Jid cpaBHEHHS BCEX BO3MOXKHBIX TOJJIEPEBHEB
¢ mabsoHamMu u3 © HEOOXOINMO PACCMOTPETH MOIIEPEBBSI JII00O0I BBICOTHI ¢ KOPHEM B KaXK IO
U3 BEPIIHH JepeBa. HO,ZLCLH/ITaeM KOJIMIECTBO IIOAAEPEBLEB BCEX BO3MO2KHBIX BBICOT B TaKOM JI€-
pee. O0o3HAYNM BBICOTY JIaHHOTO JiepeBa | = log,, k + 1. Torma myra BepmmHbI, HaXO/sIIENCs
Ha PACCTOSTHUHU T OT KOPHsI, KOJMIECTBO IOAJIEPEBbEB ¢ KOPHEM B 9TOH BEPIIUHE COCTAB/IAET He
MeHee yeM [ — x. Torma nckoMoe KOJIMYeCTBO I10/I/IePEBBHEB:

- _xmx_m(ml—l)—lmle
S = PR

I[aHHOG BbIpazKC€HHE ITPOIIOPIHUOHAJIBHO ml, T. €. KOJIMYECTBY 3JIEMCHTOB B JIcpe€Be, BCC BEPIIUHDBI

KOTOPOro (KpoMe JIMCTheB) MMEIOT MAaKCHMAJbHOe YUCJI0 MOTOMKOB. CJI0KHOCTH aJrOpuTMa,
YIPOIIAIOIIETrO JIEPEBO, COCTOsAIIEE U3 k BEPIINH, OKa3bIBAETCS MOps/IKa He Menee yeM k. B ciy-
Yae ecJIu aJrOPUTM IIPOBEPKU MTPABUJ SKBUBAJEHTHOCTH UMeeT 3HAUYUTEIHLHYIO CJIOXKHOCTD, ITOJI-
cdeT 3Ha4YCHUH OIICHOK 3aBHCHUMBIX II€pEMEHHBIX :IQ Ha MHO2KECTBE€ HE3aBUCHMbIX IIE€PEMCHHDBIX
x € D u cpaBHeHMe 3TUX 3HAYEHUI C TMOJTyIaeMbIMU IIPU KCIOJIb30BAHUN 1Mab/0HOB O nMeer
SHAQYIUTEJIbHO MEHBIIIYIO CJIO2KHOCTD. ﬂaHHbeI METOA MOXKET IIPUMCHATLCA B ClIy4dae, €CJIN He3a-
BHUCHUMbIE U 3aBUCUMBIE IIepeMeHHble TPUHUMAIOT OTPaHUYEHHOe YUCI0 3Hadenuit. [Ixs Takoro
I0/1JIeEpeBa, BHE 3aBHUCUMOCTU OT KOJMYIECTBA 3JIEMEHTOB k B HEM, 00JIaCTh ONPEJIEJIeHIs COOT-
BeTCTBYIONEH (BYyHKIMN COJIepKUT 2! Todek, Iie ¢ — KOJIMYeCTBO He3aBUCUMBIX II€PEMEHHBIX,
ABJISIONUXCS JIMCThAME JaHHOTo nojlepesa. Ilpu meGosbmux ¢ umciao 2! me npesocxomut k,
1 B TaKOM CJjIy4da€ aJICOPUTM CpaBHCHHA I10 3HAYCHUAM OKa3BIBACTCA MCHEC CJIO2KHbBIM, YE€M
AJICOPUTM CPABHEHUs CTPYKTYP MHOJIEPEBLEB € MAOJIOHAMU.

BakHbIM 9acTHBIM CJlydaeM HCIOJIb30BAHUS AJTOPUTMA YIIPOIIEHUs 110 3HAYEHUSIM SBJIs-
eTcsd ciaydail paBeHcTBa (DYHKIMI Ha 00JIACTU OIpeJIe/IeHIs He3aBUCUMbBIX MEPEMEHHBIX pU
HeobA3aTeIbHOM PABEHCTBE BHE 3TON obsiactu. [ljag perenus: mpuk/iaHoit 3aa4dm QyHKINAN,
JIalole paBHble 3HAYEHUS Ha 00JIACTU OIpeJie/IeHus, Oy/IyT paBHBI, U MO/I00Has 3aMeHa OyaeT
KOpPpEKTHa.

4 3aknw4eHune

B pabore mpe1j1o2KeHbI METO/TBI HATIPABJIEHHOTO MTOPOKICHIS, MOIUMDUKAIINN U YIIPOIICHUS
HEJIMHEIHBIX PEerpecCHOHHBIX Mojesieil. OmucaHbl yCI0BUs CyIeCTBOBAHUS PEIIeHU, MOJTyYua-
€MBIX B Pe3yJIbTaTe MOPOXKJICHUH, JIOKa3aHbl HEOOXOJMMbIE TeopeMbl. PazpaboTan meToj 1mo-
CJIe/IOBATEILHOIO HAIIPABJIEHHOT'O TIOPOXKJIEHUs CYNEPIO3UINil, BBE/IEHO MOHATHE N30MOPQHBIX
CYTIEPIIO3UIINIA, CCJIEIOBAHBI CBOMCTBA MOPOXKIaeMbIX cyrepriosunuii. [Ipeamaraemble B pabore
METO/IbI YIIPOITIEHHST MOJIeJIel TpeTHA3HATEHbI HEIIOCPEICTBEHHO JIJTsl TPUMEHEHUS Ha, IIPAKTUKE.
Coznana 6a3oBast Oub/MOTEKA TTPABUI TIOPOYKICHUS IKCIIEPTHO-UHTEPIPETUPYEMBIX MOJIEJIEH.
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The problem of the nonlinear regression models automatic construction and simplification has
been addressed. The models describe the results of measurements and forecasting experiments.
The generated models are designed for the approximation, analysis, and forecasting of the ex-
perimental results. To generate the models, the expert requirements in the subject field have
been considered. This approach allows to get the interpretable models, adequately describing
the given measurements. The goal of the paper is to investigate the problem of generation and
simplification of the nonlinear regression models. The models are supposed to be the superposi-
tions of the given parametric functions. A method of the function superposition transformation
has been suggested. The superpositions category defined over the set of directed acyclic graphs
corresponding to the superpositions have been considered. The isomorphic superpositions no-
tion have been introduced and a method of their detection has been developed. An algorithm
of finding the isomorphic subgraphs corresponding to the generated superpositions has been
developed.
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The paper is devoted to the development of an algorithm for resolution and parameter estima-
tion of radio impulses with partially overlapping spectra in the area of their nonorthogonality
(the correlation coefficient varies from 0 to 0.9). The implementation of the suggested algorithm
makes it possible to design filters for resolving frequency-dependent signals and, therefore, to
increase the capacity of a communication channel. The maximum likelihood method has been
used to obtain analytical expressions and to perform model investigations for frequency res-
olution of nonorthogonal signals. The dynamic range of signal parameter estimates has been
found as a function of signal-to-noise ratio and correlation coefficient. It has been shown that
the likelihood functional value in its global minimum allows one to estimate noise variance and
the number of radio impulses in a received signal.

Keywords: mazimum-likelihood method; radio impulse; resolution; frequency-dependent sig-
nal; communication channel; nonorthogonal signals; signal-to-noise ratio
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1 Introduction

The paper discusses the problem of estimating parameters of a set of radio impulses with close
frequencies. Their spectra partially overlap so that it is difficult to determine the precise number
of radio impulses and estimate their parameters using the Rayleigh criterion. In this case, radio
impulses are nonorthogonal in the frequency domain so that one can consider several radio
impulses orthogonal if their spectra satisfy the Rayleigh criterion. It is necessary to determine
amplitudes and frequencies of a set of nonorthogonal radio impulses (when the reception time
is known) and their duration.

Modern radio systems function according to the analysis of orthogonal signals. Active pulse
radar systems can be used for estimating the parameters of two or even greater number of
targets, if their correlation functions do not overlap, i.e., when they are orthogonal relative
to the reception moment. It is possible in spectroscopy to separate two spectral lines, if the
Rayleigh criterion is satisfied (i.e., orthogonality in the frequency domain is observed). At
present, if the orthogonality is not satisfied, this might result in gross errors in signal parameter
estimation or a total failure in signal detection.

Nowadays, there are several techniques applied in practice for improving the quality of
signal parameter estimation due to a better resolution: Prony technique, MUSIC, etc. [1]. The
most widely used techniques are based on the optimal reception theory [2,3]. However, the
implementation of the aforementioned techniques is connected with a number of difficulties [4—
6]. The problem of signal parameter estimation and resolution within the scope of the optimal
reception theory can be handled only when the signals under study are orthogonal [7-12].

*The work is supported by Contract No. 02.G25.31.0149 dated 01.12.2015 (Ministry of Education and Science
of Russian Federation).
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However, when one works in the area of signal nonorthogonality, the logarithm of the likelihood
function has a complex structure with a lot of local minima and its minimization is ambiguous.

Let us employ the results of the optimal reception theory, which were developed and ex-
tended for the area of signal nonorthogonality. The authors suggest the solution of this problem
for nonorthogonal signals using the logarithm of the likelihood function transformed by the sys-
tem of likelihood equations obtained for energetic signal parameters [13]. As a result of this
transform, minimization of the logarithm of the likelihood function proves to be ambiguous.
The logarithm of the likelihood function (after transformation) presents a surface in a multidi-
mensional space of nonenergetic signal parameters. The minimum of this surface is the base for
estimating both nonenergetic and energetic signal parameters. The minimum of the surface of
the logarithm of the likelihood function for a set of signals is the same and, therefore, the term
“resolution of similar signals” is not used and one can solve the problem of signal parameter
estimation in the area of their nonorthogonality.

The solution of the signal parameter estimation problem depends on the determinant of
a correlation matrix when the Rao—Kramer variance estimate is obtained.

2 Theoretical background

This section contains the main analytical expressions for an algorithm for processing a set of
nonorthogonal (in the frequency domain) radio impulses based on the transformed likelihood
functional. Two radio impulses are used to obtain certain expressions for calculating ampli-
tude variances. These variances were used for estimating the application area of the algorithm
depending on the correlation coefficient between the signals.

Consider a received signal consisting of N radio impulses in the complex form:

g(t) = Z Une™rt + Un(t) (1)

where U, is the complex amplitude of the nth radio impulse; w,, is the circular frequency of the
nth radio impulse; and U, (t) is the additive Gaussian noise with the mean value equal to zero,
variance equal to o2 and the correlation interval equal to 7.

Using (1), one can obtain the logarithm of the likelihood function:

T

. 1
InL(A) = ~ 0% /

0

2
1

2027,

dt = —

A, i) )

N s
gty = > Upert
n=1

where A is the vector of the estimated parameters of radio impulses; A(U n, W) is the likelihood
functional; T is the duration of the received signal; and the dashes on top of the variables
correspond to the parameters that have to be estimated. The received message (t) corresponds
to the mathematical model of a signal with IV copies differing by &1, ...,wn. The energy of

the message depends on complex amplitudes of radio impulses U, and does not depend on
other parameters (g, . ..,wy). Therefore, one can consider complex amplitudes to be energetic
parameters and frequencies — nonenergetic parameters.

Minimization of (2) is ambiguous due to variability of amplitudes and frequencies of radio
impulses, which leads to ambiguity in the solution of the system of likelihood equations in the
area of nonorthogonality. The surface of functional (2) has many local minima, which makes
it difficult to estimate the parameters of the received message. If it is necessary to obtain one
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minimum of the likelihood surface, Eq. (2) should be transformed in order to exclude energetic
parameters from the minimization process.

Amplitude exclusion requires one to differentiate (2) and then solve the corresponding equa-
tion. As a result, one will have a system of likelihood equations:

T ~ )

[ (i)~ S Ut} et at = 0
.............................. ) (3)

L > y

f <g(t) _ 27]’:[:1 Unezwnt) e~ IONt Jt = ().

0 J

These equations can be used to find the amplitudes of N radio impulses, which depend on the
estimated frequencies Wy, ...,wy. Now, designate the amplitudes as Ul,.

The likelihood functional can also be written in the following form:
2
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where the asterisk means complex conjugate.
However, system (3) can be used for finding the amplitudes of radio impulses U, depending

on the frequency estimates Wy, ...,wy. These amplitudes can be designated as Ul,. Now, one
can write the transformed likelihood functional

A(wn) Z/I?)(t)|2—/ (?)*(t)zﬁlnei”"t> dt (4)

depending on only nonenergetic radio impulse parameters, i.e., the estimated frequen-
cies Wy, ...,wy. Therefore, the surface will have only one global minimum indicating the es-
timated frequency values Wy, ...,wy. Substituting them in the likelihood system (3), one can

estimate the amplitude values U n-

If the number of radio impulses in the received signal and in the signal model is the same,
the likelihood functional (4) determines the noise variance in the received message. However,
in practice, the apriori information on the expected number of radio impulses is not always
available. This fact can be illustrated using the following example. In communications appli-
cations, one can receive two or a greater number of radio impulses with unknown frequencies.
The number of radio impulses is also unknown and they have to be resolved. Another example
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is related to radio spectroscopy, where the number of spectral lines is unknown. The spectral
lines can be orthogonal or nonorthogonal. These examples confirm the necessity of estimating
the number of radio impulses in the received message. The authors suggest an algorithm based
on changing the number of signal copies N in the mathematical model and finding the values
of the likelihood functional (4) in its minimum.

If the number of signal copies NV in the mathematical model is greater than the number of
radio impulses in the received message, the amplitudes of extra components are close to zero
since they are determined by separate noise maxima. The minimal value of likelihood (4) will
be determined by the noise variance.

If the number of signal copies IV is smaller than in the received message, the value of the
likelihood functional rises dramatically since it determines the noise variance in the received
message and the radio impulses which are not included in the model.

Thus, processing the received message requires one to increase the number of signal copies N
till the minimum value of the likelihood functional stops decreasing.

Evaluation of the solution quality in the optimal reception theory is based on estimating
variances using Rao—Kramer estimates. Consider two radio impulses in a data set starting at
the same time point. One can estimate the variance of radio impulse amplitudes in the minimal
point of the likelihood functional for & = w; and Wy = wy. By computing the elements of the
Fisher information matrix according to the expression

dIn L(A)
NV B it YA

one can find a new matrix consisting of the elements

These are complex correlation coefficients between the radio impulses. The diagonal elements
of a matrix, which is inverse to the Fisher information matrix, define the variances of radio
impulse amplitudes. The inverse matrix has the following form:

. A
Dy, = i
YT det J

where A;; is the algebraic adjunct for the element of the Fisher matrix with the indices 4, j and
det J is the determinant of the Fisher information matrix.

Thus, the variance of radio impulse amplitudes is determined by det J of the Fisher infor-
mation matrix. In the case of two radio impulses, the amplitude variance will have the following
form:

P e S R

where K is the number of noncorrelated noise samples on the processing interval T and 7 is
the normalized correlation coefficient between radio impulses.
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If |#| = 0, the amplitude variance will have the following form:

2
o
Dy, = —.
K
Now, let us introduce the normalized variance:
D Dy 1
p— p— N 2 .
DUo 1- ‘7"
14
12+ -
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Figure 1 Relative variance vs. normalized correlation coefficient. Relative variance increases by ~ 7 dB
in the range || = 0-0.9; when || > 0.9, the relative variance rises dramatically

This expression shows that for |#| = 0-0.9 the changes of the relative variance are approx-
imately 7 dB. In the area where || > 0.9, the relative variance grows abruptly as shown in
Fig. 1. Thus, if a signal contains two radio impulses, the problem of radio impulse parame-
ter estimation will be solved for the following range of the normalized correlation coefficient:
|| = 0-0.9.

3 Model studies

This section is devoted to studying the problem of estimating the parameters of two radio
impulses in the area of their nonorthogonality using the maximum likelihood technique and
spectral analysis. It will be shown that the maximum likelihood technique can be used for
solving this problem in the area of nonorthogonality. The results of the experiments are provided
to estimate the quality of the solution depending on the signal-to-noise ratio and correlation
coefficient between two radio impulses. The estimation of the noise variance in the received
message is illustrated using the dataset (the functional value in its minimum).

Model studies have been carried out for a signal containing two radio impulses combined
in the time domain. The radio impulses have the following parameters: amplitudes U; =
= 2 and Us; = 1; initial phases ¢; = 10° and ¢o = 170°; frequencies f; = 2 kHz and f,
= 2.08 kHz; signal-to-noise ratio is 20 dB; and radio impulse duration is 25 ms. The Rayleigh
restriction for radio impulse resolution arises when the frequencies become close by A f = 40 Hz.

Figure 2 shows the normalized correlation coefficient vs. the frequency difference A f between
two signals. When A f = 40 and 80 Hz, the correlation coefficient is equal to zero and the signals
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are orthogonal. The values Af < 40 Hz correspond to the signal nonorthogonality area. The
correlation coefficient values different from zero for Af > 40 Hz are caused by side lobes of the
signal spectrum.

Correlation coefficient
1 T T T T T

0.8 h

0.4 ]

0.2 h

Magnitude

|
o
N

T

I

0 10 20 30 40 50 60
Frequency difference / Hz

Figure 2 Correlation coefficient between radio impulses. Radio impulse duration is 25 ms. The radio
impulses are orthogonal for 40, 80, and 120 Hz. When the radio impulse frequency difference is 10 Hz
and the correlation coefficient is equal to 0.9, the theoretical estimate of the working area is confirmed

Figure 3 shows the received signal containing two radio impulses with the frequencies f;
= 2kHz and f, = 2.08 kHz. According to Fig. 2, these signals are orthogonal since the frequency
difference Af = 80 Hz leads to the correlation coefficient 7 = 0.

Received signal
4 T T T T T

Magnitude
o

0 10 20 30 40 50 60
Time / ms

-4 I I

Figure 3 Received signal containing two orthogonal radio impulses combined in the time domain
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Spectrum of received signal
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Figure 4 Spectrum of two orthogonal radio impulses combined in the time domain. The maxima of
spectral lines determine amplitude and frequency estimates of the radio impulses

The spectra of these two radio impulses is shown in Fig. 4. The side lobes of the first radio
impulse (U; = 2) distort the amplitude of the second radio impulse (U = 1).
Figure 5 shows the surface of the transformed inverse likelihood functional:

1
Al A )

The maximum of the functional surface is the only one which determines the unambiguity
of the problem solution. The location of the maximum makes it possible to find the values of
estimation frequencies W; and Wy. Their substitution into likelihood equations makes it possible
to find the estimates of complex amplitudes of radio impulses. The value of maximum of the
likelihood functional allows one to find the noise variance in a received signal. Figures 3-5
illustrate the possibility of obtaining the solution in the area of radio impulse orthogonality.

Figures 6-8 show the possibility of obtaining the solution in the area of radio impulse
nonorthogonality. In this case, the radio impulse frequencies are f; = 2 kHz and f; = 2.02 kHz.
The difference is 20 Hz. Figure 6 shows the received signal.

Figure 7 shows the spectrum of two radio impulses, which makes it difficult to obtain the
information on radio impulse parameters.

Figure 8 shows the transformed likelihood functional, which allows one to estimate the radio
impulse parameters.

Figure 9 shows the variations of radio impulse magnitude estimates depending on the
changes in radio impulse frequencies. The best amplitude estimates can be found when Af
= 10 Hz. This corresponds to the correlation coefficient between radio impulses 7 ~ 0.9, which
fully confirms the theoretical estimate of the working area (7 = 0-0.9) for parameter estimation
of two radio impulses.

Figure 10 shows radio impulse frequency estimates vs. their frequency differences. When
the signal-to-noise ratio is ~ 20 dB and radio impulse duration is 25 ms, the best estimates
are obtained for Af = 10 Hz. Thus, one can point out that the suggested technology of radio
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120

Surface of inverse likelihood functional

100

Magnitude

Figure 5 Surface of the inverse likelihood functional. The single maximum determines the parameter
estimates of two radio impulses and the term “resolution” is not required. The base width of the
maximum of the likelihood functional depends on a signal-to-noise ratio and its maximal value (95.45)
determines the estimate of the noise variance in a received signal (—19.79 dB relative to 1)

impulse parameter estimation is characterized by high resolution. When the signal-to-noise
ratio is 20 dB, the resolution of two radio impulses has increased 4 times in comparison with
the Rayleigh resolution.

Figure 11 shows the statistics of radio impulse magnitudes depending on the signal-to-noise
ratio when the radio impulse frequency is Af = 20 Hz. As can be seen from the figure, the
amplitude estimates are quite satisfactory when the signal-to-noise ratio exceeds 0 dB.

Figure 12 shows the statistics of radio impulse frequencies depending on the signal-to-noise
ratio for Af = 20 Hz. As can be seen from the figure, radio impulse frequency estimates are
quite satisfactory for signal-to-noise ratios exceeding —5 dB.

Figure 13 illustrates the changes of maxima of the inverse transformed likelihood functional
depending on the signal-to-noise ratio in dB. The linear dependence confirms the theoretical
suggestion that the noise variance can be estimated on the basis of the maximum of the inverse
transformed likelihood functional.

4 Concluding remarks

An algorithm for solving the problem of parameter estimation of a set of nonorthogonal radio
impulses has been introduced using the maximum likelihood method on the basis of the trans-
formed likelihood functional. Theoretical and practical studies lead to the following conclusions:

— the transformed likelihood functional allows one to solve the problem of resolving and pa-
rameter estimation of two or several radio impulses in the area of their nonorthogonality.
Application of this technique is efficient for different radio engineering problems and can
be used for improving the capacity of communication channels using frequency division
multiplexing;

Machine Learning and Data Analysis, 2015. Volume 1. Issue 14.
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Figure 8 Surface of the inverse likelihood functional obtained in the area of radio impulse nonorthog-
onality
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Figure 9 Variation of the amplitude estimates of radio impulses depending on the changes of the
frequency differences. The nonorthogonality area of the radio impulses for Af < 40 Hz. The best
amplitude estimates for radio impulse frequency differences of 10 Hz. Radio impulse resolution has
increased 4 times in comparison with the Rayleigh resolution

— the working area for parameter estimation of a set of radio impulses is determined by
determinant variations of a correlation matrix of a set of signals. Conditionality of the
correlation matrix influences the possibility of resolving a set of signals. In the case of two
radio impulses the working area depends on the normalized correlation coefficient in the
range 0-0.9;
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Figure 10 Frequency estimates vs. frequency differences. The area of radio impulse nonorthogonality
for Af < 40 Hz. The best frequency estimates for radio impulse frequency difference of 10 Hz. Radio
impulse resolution has increased 4 times in comparison with the Rayleigh resolution
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Figure 11 Statistics of radio impulse amplitude estimates. The difference of radio impulse frequencies
is 20 Hz (nonorthogonality area). The estimates are satisfactory for signal-to-noise ratios exceed-
ing 0 dB

— the value of the transformed likelihood functional in its global minimum allows one to
estimate the noise variance in a dataset and can be used as a criterion for estimating the
number of radio impulses.
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Monck BHelwHeil n BHYTpeHHeW rpaHunt,
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PaccmarpuBaercs 3amada BblmeeHusT 06JIACTH DALy KHOM 0O0TOUKN HA M300PaYKEHUH TJia-
3a. BHemHsst U BHYTPEHHSISI TDAHUIIBI PAJYKHOM ODOJOYKHU AIIPOKCUMUPYIOTCS OKPYKHO-
crsimu. jist orbopa TOYeK, MPUHAJIEXKAINX IIPEIIT0IaraeMbIM OKPYKHOCTSIM, IPEeIaraeT-
¢Sl UCIOJIb30BaTh MOAMMUKAINIO 1peodpazoBanns Xada, UCHOJIB3YIONYIO Maphbl I'PAIUEHTOB
SIpKOCTH. BBOIsITCST BepOSTHOCTHBIE KOY(MMUIMEHTDI MOA00MsT TSI IIOCTPOEHNsT M300paskKeHnsI-
akkyMmyssatopa. st anansa 3(p@EeKTUBHOCTH AJTOPUTMAa U JIEMOHCTPAIMU €ro pabOThl HC-
MOJTB3YIOTCST MATEPUAJBI OTKPBITON 6a3bI M300parKeHuil pa Iy KKH.

KiroueBbie cjioBa: memod napHulx 2padueHmos; KOMNHIOMEPHOE 3PEHUE; NOUCK OKPYHCHO-
cmeti; npeobpasosarnue Xaga
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1 Bsepetxune

B coBpemenHnoit OmomMerpum cyiiecTByeT IpoOJieMa BbIJIEIEHUs PaJjly?KHON O0OJIOYKHU Ha
n300pazkeHny rya3a JesoBeka. 1pedyercs HailTu jiBe NPUOIMKEHHO KOHIIEHTPUIECKUE OKPY K-
HOCTH, COOTBETCTBYIOIINE BHYTPEHHEl 1 BHEITHEel IpanuiiaM pajiyKku. BHyTpu pajtykka orpa-
HUYeHa 3PAYKOM — TeMHON KPYTIJIOil 00/IacTbIo, CHAPYKHU — OEJIKOM TJia3a — Hao0OpOT, CBET-
JibiM hoHoM. B mporiecce moncka rpaHUIHBIX OKPYKHOCTEH BOZHUKAIOT CJIOXKHOCTHU, CBSI3aHHBIE
¢ TIryMaMu n300parkKeHus, UCKaXKeHnAMU (DOPMBI PaTy2KHOI 000JI0UKH, OJIUKAMU IIPU ChEMKeE,
a TaKzKe BO3MOYKHBIM HAJUYIUEM ITOCTOPOHHUX OOBEKTOB, TAKUX KAK PECHUIIBI WJIM YaCTH OIpa-
BbI 04YKOB. [Ipumepnr Takux jedeKToB N300parkKeHuii MpuBe/IeHbl Ha puc. 1.

(0)

Puc. 1 Nz0b6pazkenus ria3

PacripocrpaneHabiM aJropuTMOM BbIJIeIeHAsT 00BEKTOB 3a[aHHOI0 KJacca Ha M300pazke-
HUSIX siBJIsieTcs npeobpasoBanne Xada [1]. OO HaxoauT Ha M306parKEHUU MJIOCKHE KPUBBIE,

*Pabora BbIIOIHEHA TIpH (buHAHCOBOI nopep:kke PODU (npoekr 16-07-01171).
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3a/IaHHbIe TTapaMeTPUYecKu, B TOM dYHcJe U OKpyx)kHocTu. Ves mpeodpasoBanus Xada 3a-
KJIIOYAeTCs B MOUCKE JIOKAJIHHBIX MAaKCHMYMOB B IIPOCTPAHCTBE HapaMeTpoB. [l oKpyzKHO-
cTeil TPOCTPAHCTBO TAPAMETPOB ABJISETCH TPEXMEPHDBIM, UTO YBEJIUYUBAET CJIOKHOCTH OUCKA,
makcumyMoB 10 O(N?). CylecTByloT pasHOBUIHOCTH IpeobpasoBanns Xada, MO3BOJISIONHe
YMEHBIIIUTDh BBIYUCIATENBHYIO CJIOXKHOCTh. B paborax [2-4|, mampmmep, mpemiararorcs moj-
XO/Ibl K JICTEKTUPOBAHUIO OKPYKHOCTEH, UCIO/IB3YoNMe HHPOPMAINIO O IPAJINEHTE SIPKOCTU
B KaxKJIOll TOuKe m306parkenus Jjijisg 0Tbopa ToYek uHrepeca. B |2, 4] onucbiaercs ciaydaii Bbi-
JieJieHus KOHIIEHTPUIEeCKUX OKPYZKHOCTEH, UCIIOIb3YIONIUIl IBYXMEPHBII MACCUB-AKKYMYJIATOD,
B [3| npesyiaraercst HCHOIBb30BATH KPUBbIE PABHO OCBENEHHOCTH U CJIOXKHYIO CUCTEMY TOJI0CO-
BaHUs B IPOCTPAHCTBE HapamMeTpoB. Ha TOYHOCTH a/lrOpUTMOB TaKKe BJIMSIET HAJIAYUE IIyMa
Ha n300pakeHNN U MCKaXKeHne (POPMbI HICKOMBIX OOBEKTOB. B Takux ciiydagx dacTo MpUMeHs-
IOT CTOXACTHYECKUEe AJITOPUTMBbI, HAIIPUMED MEeTOJ CJIyYallHOTO BbIJIEJIEHIs TOUYeK MHTepeca Ha
KasKJI0l urepanuu |5|, 3HaYnTeIbHO yMEeHbIIAMNi BpeMs paboThl aJrOpUTMa M0 CPABHEHUTO
¢ KJIaCCHYeCKUM IpeoOpasoBanneM Xada, 1 OCHOBAHHBII Ha HEM METO/I CIy4ailHOrO BhIJIeJIEHUsT
OKpYZKHOCTE]H 6], He HCIOIB3y oMUl MACCHB-AKKYMYJ/ISTOD U MO3BOJISIFOIIAN T€M CAMBIM YMEHb-
IITUTH TPEOOBAHUS K PECYPCAM CUCTEMBbI, & TAKXKE COKPATUTD BBIYUCIUTE/IHHYIO CJIOKHOCTD. 15
HOKMCKa OKPYZKHOCTEll TaKyKe MPUMEHSETCS METOJ MApHOTO BEPOSITHOCTHOTO ToJIocoBaHus |7),
OTIEPUPYIOIIHUI MPAMBIMU B TPEXMEPHOM IIPOCTPAHCTBE MapaMerpoB. BeposdTHocTHas BecoBas
cxeMa ¢ OBICTPBIM AJTOPUTMOM IOMCKA MOJIbI MOBBIIIAET YCTOHIMBOCTD MeTosa |7] K mrymam
U UCKaYKEHUIM UCXOTHOTO M300paKeHUsI, a TaKyKe COKPAIAeT BBIUNCIUTE/THbHOE BPEMS.

CyTh mpeiaraeMoro MeTOJla COCTOWT B COYETAHUN HECKOJBKUX IOJXO/0B. TOYKM WHTe-
peca, T.e. TOYKH, TPEIIOJ0KUTEHHO JIeXKAIlue HA OKPYKHOCTSAX, OTOMPAIOTCA MPU TTOMOIIIH
aHajn3a BeKTOpa rpajinenTta dpkocTr. OTOMPAIOTCS TOYKH C JOCTATOYHO OOJIBIUM €0 3Have-
nueM. UimyTesa Takume mapbl TOUEK, BEKTOPBI I'PAJIMEHTOB APKOCTU KOTOPBIX MPHUOJIN3UTETHHO
[IPOTUBOIIOJIOZKHO HAITPABJIEHBI, IIPUYEM JAHHAS [Tapa TOYeK JIOJIKHA JIeXKATh Ha MPIMON, TPH-
OIM3UTETHFHO KOJLITMHEAPHOH 9TM BekTopaMm. Jlaiee omnpeensiores MeHTPbI PO/ IaraeMbixX
OKPY2KHOCTEHl KaK IMEHTPbI OTPE3KOB, COSIMHSIONUX TOYKU. J[1s KaxKI0il mapsl TOUEK ompeje-
JISIIOTCS BECOBBbIE KO3(D@MUIIMEHTHI, UCIOIb3yeMble MIPU IOJIOCOBAHUU B JBYXMEPHOM IIPOCTPAH-
CTBe TapaMeTPOB. Pajinychl HCKOMBIX OKPY?KHOCTEl ONPEJIEISTIOTC KaK JJOKAJIbHBIE MAKCUMYMbI
B OJIHOMEPHOM IMPOCTPAHCTBE MPEJINOIAraeMbIX PaJIIyCOB.

2 T[llocTtaHoBka 3agaun

Bxonmbie mannbie MeTojia — pacTpoBoe nzobpazkenue I pazmepa W x H. Kax bt nukcesnb
BXOJIHOT'O U300ParKeHUs ONUCHIBAETCS OJHUM OaiiToM, UTO COOTBETCTBYET OJIHOM U3 JIBYXCOT IIsi-
TUJICCATH IIEeCTU rpajaruii ceporo. Tpedyercd annmpoKCHMUPOBATH BHEINTHIOIO U BHYTPEHHIOIO
IPAHUIBI PAJIyKHOM 000JIOUKH JABYMS MPUOIMKEHHO KOHIEHTPUYECCKUMU OKPY2KHOCTsAME. Pe-
nreHme MOXKHO 3allnCcaThb KaK

W = {l‘p, Yyp, TP, T1, Y1, TI}:

rjge Trp U Yyp — KOOPAUHATLI IIEHTpa; p — PaJUyC OKPYXKHOCTHU, AIlIIPOKCUMUPYIOIIEH 3pa-
YOK; X1, Y1 U '] — KOOPJIMHATHI IIEHTPA U PAJNYC OKPYZKHOCTHU, alllIPOKCUMUPYIOIIEH BHEITHIOO
rpanuily pajykku. KadecTBo paboThl MeTOa OIEHUBAETCA Ha OCHOBE CPABHEHHS C IKCIIEPT-
Hoit pasMerkoil. J[g n3o0pakeHus U3BECTHBI «UCTUHHBIEY ITapaMeTPhbl PAHUIL PAJIyKKHU, (0 =
= {Zp, Jp, Tp, T1, U1, 71}, OUpeeaeHEbIe SKcTIepTOM. DYHKIMOHA KAvecTBa ONpe/Ie/eHIsT TeH-
TPOB PaCCIUTBIBACTCA KaK CyMMa a6COHIOTHbIX 3HAYEHUI OTKJOHEHU BBIYMCJIEHHBIX a6CHI/ICCbI
1 OpJAMHAaThI IEHTPOB OT MCTHUHHBIX 3HAYCHU:

Se(w) = |zp — Zp| + lyp — Y| + |21 — T1| + |y1 — U1l-
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DyHKITMOHAJI KAYeCTBa OIPEJIETICHUsT PAJINYCOB — aHAJOTHYIHO, KaK CyMMa abCOTIOTHBIX OTKJIO-
HEHUIT BBIYUC/IEHHBIX PaJUyCOB OT UX MCTUHHBIX 3HAYCHUI:

S,«(u)) = |7“p —7:13| + |7“1 — f1|.
UroroBbiit hyHKIMOHAJ KAIECTBA OIPEIENISETC KAK CyMMa BbIIICONNCAHHDIX:
S(w) = Se(w) + Sy (w) .

JIst oneHKN KavuecTBa PEIIeHUs] UCIO/Ih30BaIACh OTHOCUTEIbHAS OIMMNOKa, OIpeesseMast Kak
OTHOIIIEHNE BEJUIUHBI (DYHKIIMOHAA KAYeCTBA K MCTUHHOMY DPaJIyCy BHEITHEH T'DaHUIbl pa-
JIYZKHOI 000JIOUKH:

S(w) ‘

1

AnajorngHbIM 06pa30M olpejge/idjiaCb OTHOCUTE/IbHAaA omubKa OolrpeJesieHusd IMeHTpa IJia3a:

Se(w) '

1

€ —

KauvecTBo perrenns onpejengercd rucTorpaMMOil BeJIMYUHBI OTHOCUTE/ILHOM omnbku. Yucaen-
HBIIl KpUTEPUil KauecTBa pelieHnss — J0Jid n300parkKeHuil, Ha KOTOPBIX OITNOKA HE IPEBBIIIaeT
20% MCTUHHOTO pajuyca palyrKKH.

3 HekoTopble ob603HauYeHUs, ncnosb3lyemobie B metogonorun Xada

I — ucxoanoe pacrpoBoe n3obparkenne ykazaHHbIX pasdMepoB W x H.
g = (z,y)" — TOYKa MCXOIHOTO PACTPOBOTO M300PAKEHUSI.

9(q) = (9s,9,)" — BEKTOp TpaJHeHTa SIPKOCTH B TOUKE ¢ UCXOJHOTO M300PAZKEHHSL.
P = (T¢, Yo, )T — BEKTOP HMAPAMETPOB JIJIsS OKPYKHOCTH.
Q — JByXMepHOE IIPOCTPAHCTBO NapaMeTpoB. B JaHHOM ciydae — U300pasKeHre-aKKyMyIsi-

Top, copazmeproe I. Kaxoii Touke akkymysisropa (x,y)T cOOTBETCTBYET IEHTP HEKOTOPOit
IUIOTETUIECKOH OKPYKHOCTH (Lo, Yo, )T ¢ (T, Ye) = (2, y)T. Hem Gosiblite 3HAUEHNE AKKYMY-
nagropa Q(z*, y*) B Touke (*,y*), TeM BeposiTHee MPHUCYTCTBHE Ha MCXOTHOM M300pasKeHnn
OKDPYZKHOCTH C TIEHTPOM (Z., Ye) = (*,y*)T.

G = {x,y,|g(x,y)|, p} — MHOXKeCTBO TOUEK, NPUHAJIEKAIIUX IPAHUIAM OOBEKTOB Ha U300~
paxkenuu. [log rpanuieil o6bekTa B JAHHOM HCCJIEIOBAHUN CJIELyeT TIOHUMATH MHOYKECTBO
TOYEK ¢ OOJILIIUM 3HAUYECHUEM MOJLYJ/Is TpajuenTa apkocTu. G colepKUT KOOPJAUHATLL T 1 ¥
IPAHIYIHOl TOYKH, MOIYJb |g (2, y)| 1 yros ¢ HanpasieHns rpajuenTta (yroJ OTCINThIBACTCS
OT HAIIPABJICHUS OCH abCINCC).

P ={q,,p;}/"; — MHO)KeCTBO TOUEK HHTEPECA BMECTE C COOTBETCTBYIOIIMMHI UM ITApAMETDAMHE
IUIOTETUYECKUX OKpy KHOCcTel p; = {Z;, yi, 73}, p; € R3. JlaHHBIC TOYKH MTPEIIOIOKUATE b-
HO NPHUHAJIEXKAT TPAHUIAM DALy KKK, a 3HAYUT, UX HPU3HAKU [IPEJICTABIISIIOT WHTEPEC JJIst
aHAJII3a.

4 MeTop napHbiX rpagnueHToB

JlaHHBI MeTOJI Ipe/nosaraeT UCIOAL30BaHie I'PAJIMEHTOB PKOCTH B KadecTBe KPUTEpUsl
orbopa TOYeK MHTepeca, T. €. TOYCK, IPEIIOJI0KUTEILHO JIesKaIlUX Ha OJHONH OKPYZKHOCTH.

KaK n3BE€CTHO, OKPY2KHOCTHL Ha IIJIOCKOCTH MO2KHO 3aJaTb BEKTOPOM IIapaMETPOB: P =
= (Te, Ye, )T € R3, riie nmapa (z.,9.)" € R? zayaer nentp okpyzxkuoctu u r € R onpejenser ee
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paguyc. [Ipemmnosoxkum, 910 Ha N300pazKeHuK IPUCYTCTBYET €IUHCTBEHHAS OKPYKHOCTD C IIa-
pamerpamu O = O(x.,y., 7). Torma B ee Toukax MoIysb rpajuenta sipkoctu |g(x,y)| Gymer
IPEBOCXOUTD €r0 3HAYCHUE B OCTAJbHBIX TOYKAX N300pakeHus. B maeaabHOM caydae s I1a-
pbl ToueK q; = (71,y1)"T € O u @y = (2,92)" € O, npuHaIEKAIKX JUaAMeTPy OKpyzkHOCTH O,
BeKTOPHI g(q,) 1 g(q,) OymyT IPOTUBOIOIOKHO HAIIPABJIECHBL. B JTaHHOM TIPE/IIOTIOKEHUH STH
BEKTODBI TaKkzKe Oy/iyT Je’KaTh Ha OHOi npsamoii d(O) — auamerpe OKpYKHOCTH (puc. 2).
Takum 06pazoM, MOKHO cHOPMYTUPOBATEH YCIOBHs 0TOOpA s apbl Touek {qy, s }:

gl > Ty llg(as)l > Ty )

l(9(q1) - q1 — q2)| . [(g9(q2) - q1 — q2)] )
lola) g =gzl ~ % Tgla) g —aal] ~ % @
(9(q1) - 9(q2)) <0, (3)

rae yeaosus (1) ompenessiior oTOOp TOYEK € TPAIUEHTOM SPKOCTH € HUXKHUM HOporom 7T,
a (2) sagaror npuUGIM3UTEIbHYIO KOJUIMHEAPHOCTh I'PAMEHTOB MPE/IIIOJIAraeMOMY JIHAMETDY
¢ Tounoctsio 10 T, u (3) 3a/aeT AHTHKOJIINHEAPHOCTD BEKTOPOB I'PAJINEHTOB.

Ecmu mapa Tovek {q;,q,} yI0BIeTBOpSiET yCIOBHAM OTOOpa, TO OHA JIEKUT HA JHAMETpe
HEKOTOPOII peiosaraeMoit okpyxuocra O. Torma koopauHaTsl nerTpa O OIpPesessoTcs Kak

- r1+ X9 - Y1+ Yo
Fe="—5—; Je= "5,
2 2

a paJInyc, COOTBETCTBEHHO, KaK

r= \/(xl - jc)2 + (yl - gc)2'

5 TllpumeHeHne metToga K cermeHTaUUN pagy>XKu

[Touck rpanur pajyzKHON 000JI0YKN Ha M300parKEeHUU OCYIIECTBJISIETCS B HECKOJIBLKO IIla-
roB. Ha mpeaBaputebHOM Iare BXOJIHOE M300pazKeHue IOBEPraeTcs MePpBUYHON 00paboTKe
C TeJIBIO MOBBINIEHNs ero KadecTna. g BbIeeHns TPAHUIHBIX TOYeK K M300parKeHuIo Ipu-
MeHsIeTCsl OllepaTop BbijeeHust rpanut Kaunu [§], uro caumaer yciosust (1) Ha Besmuuny rpa-
JueHTa gpkocTtu. Ha mepBoM Imare m3 4uc/ia TPAHUYHBIX TOYEK OTOMPAIOTCs TOYKHM MHTEpeca,

0

\ Aol

yv

Puc. 2 NnnatocTpaliusg uaen MeToma MapHbIX I'PaIueHTOB

Mainanoe obydenune u anam3 gaHabix, 2015. Tom 1, Ne14.



Ilonck BHerHe n BHYyTpEHHEN IPAHUI PAY2KHON 000JI09KHA METOIOM IAPHBIX IPAMEHTOB 1995

S
=
S
v

} y‘ 4

(a) Bxommoe uzobpaxenue riasa (6) MuoxkecTBo rpanndnbix Touek  (6) IIpocTpancTBo napaMerpos

Puc. 3 Moaudukanus mpeodbpasoBanust Xada ¢ K03 UIIeHTaMI TOL00MsT

[IPE/IIOJIOKHUTETILHO JIeKalue Ha OKpyxKHocTu. Ha BTOpOoM 1m1are B JByMEpHOM ITPOCTPAHCTBE
napamerpoB Q meronom Xada OCYIIECTBISETCS TOJTOCOBAHNE C BECOBBIMU KO3 UImenTaMu
JIJIS OlIpeJie/IeHns TeHTpa Hanbojiee BBIPAYKEHHOU IPEIoIaraeMoil OKPYKHOCTH, 3aTeM IIPU
ITIOMOIIIXA OJTHOMEPHOT'O aKKyMYJIsTOpa ompejiesidercd ee pajauyc. Ha mociemmem mare B 3aBUCH-
MOCTH OT TOT'O, KAKOI M3 TPAHUIL Pa/Iy?KKHN COOTBETCTBYET HaliJleHHAsI OKPYYKHOCTh, OCYIIEeCTB-
JIIeTCsl TIOMCK BTOPOIl IpaHuIlbl OO BHYTPHU JAHHONW OKPYKHOCTH, JIOO BHE ee.

5.1 Ilar 1: IIpumeHneHne MeTo/Ia NAPHBIX I'PAANEHTOB

[Tocste mpuMmeHeHus oriepaTopa BbIJEJICHUS 'PAHUI] U3 TOYEK M300paykeHusi (DOPMUPYETCs
MHOKECTBO I'PAHUYHBIX TOYEK (puUC. 3, 60), KOTOPOE MOXKHO TaKzKe MPEJICTABUTH B BHUJIE CIICKA.
Crmcok rpaHudHBIX TOUeK xpaHurcsa B MaccuBe G = {z,v,|g(z,y)|, ¢}. Meromom mapabx
I'PaJIMEHTOB CPEIN TPAHUIHBIX TOYEK OCYIIECTBJISIETCs TIOUCK TOYEK MHTEPEeca.

B orcopTupoBaHHOM 110 3HAYEHHIO (0 MACCHBE IMOMCK TOYEK C MIPOTHBOIIOJIOKHO HAIIPABJIEH-
HBIMHU TPaJIeHTaMI MOXKHO ocymiecTBuTh 3a O(N). Bocmob3yemest pemnoiosKeHneM o ToM,
YTO HAIPABJIEHUS TPAJNEHTOB SPKOCTH Ha M300pasKeHUsIX TJa3a Paclpee/IeHbl TPAKTUICCKN
paBHOMEpPHO Ha uHTepBaJsie |—m;7|. [asg yMeHbIeHusT CI0KHOCTH TTONCKA TIap ONpPeIe/IsaeTcst
HOMEp j HEepPBOI'O SJIEMEHTa, C YIJIOM ; > 0, IIOCKOJIbKY HEPBOMY 3JIEMEHTY OTCOPTHPOBAHHOI'O
MaCCHBa COOTBETCTBYET 3Ha4YeHUe Yy ~ —m. [Ipn oJlHOKpaTHOM MPOXOJe MO MaCCUBY JIJIsT i-i
TOYKHN C BEKTOPOM I'DaJMe€HTa g; TOUYKU C IPUOJU3UTETHLHO aHTUKOJJINHEAPHBIM I'DaIeHTOM
Oy/IyT JIe2KaTh B HEKOTOPOH 0-OKPECTHOCTH (i + j)-TO 3JIEMEHTA, T. €. CPEJIU JIEMEHTOB C WHJIEK-
caMu OT &+ j — 0 J10 © + J + 0, § OIPEIeIAeTCs MOTPEITHOCTRIO JIJIsA YIIa, .

Citeryst JQHHBIM  TIPEJIIOIOKEHUIM, U3 YHUCIa TIPAHUYHBIX TOYEK OTOHMPAIOTCS Iapbl
{91, 5}i e gy = (z1,11)" 1 gy = (22, 32)7. [anee, 11 kax/0# i-ii TAPBI TOUEK, TPeJIIONO-
JKUTENIBHO JIeKAlIell Ha HeKOTOPOH okpyzxuoctu O;, ONPELessioTcs IapaMeTpbl STOH OKPY K-
nocru. Ilpu or6ope map cormacuo yciaosusam (2) u (3) mcmonssyercs nopor T, = 0,984, [aro
COOTBETCTBYET norpemrHoctu B 10°.

B urore us Todek, npuHaIeKAIIX OTOOPAHHBIM HapaM, (GPOPMUPYETCsT MHOXKECTBO TOYEK
unrepeca P = {q;, p;}1,.

5.2 Illar 2: Ilouck HauboJiee BHIPA>KEHHOU I'PAaHUIIBI

Ecnn va n3obpakeHnn mpucyTCTBYeT OKPYKHOCTH (), TO B IPOCTPAHCTBE TTApAMETPOB MHO-
JKECTBY TOYEK €€ T'PAHUIILI OY/IeT COOTBETCTBOBATDH €JIUHCTBEHHAS TOYKA,

o __ * * k\T
pi = (27,91, 7m7)",
rae (z7,y;) — KOODIMHATHI ee IeHTpa, a 77 — pajuyc. Bropoit oKpyzKHOCTH OymeT cooTBeT-

CTBOBaTh BTOpAast Y€TKO BbIIeJIeHHAsT ToUKa pg = (x5, y5, 75)T B mpocTpancTse napamerpos. [Tpu
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UCKaXKeHnusAX (OpMbI OKPYKHOCTEH COOTBETCTBYIOIINE UM TOYKHU B IIPOCTPAHCTBE IMapaMeTpPOB
OyILyT «Pa3MBITLI», T. €. KaxK10il okpyzkuoctu O; GyIeT coOTBETCTBOBATL HE YE€TKO BLIJCICHHAL
rouka p¢ = (xf,yf,rH)7,i € {1,2}, a MHOXKeCTBO TOYEK HEOOJIBIIOTO JUaMeTpa [0 CPABHEHUIO
C PaCCTOSHUSIMU JI0 APYTOil IPYIIILI, OTBEYAIONICH, COOTBETCTBEHHO, APYroil OKPy2KHOCTH. Ec-
JIA Ha N300pazKeHny IMPUCYTCTBYIOT IIYMbI, B IPOCTPAHCTBE APAMETPOB MOABATCI «ITOOOTHBIE»
TouKN (CM. puc. 3,6), B TOM 9YHCJE HCKAXKAIOIIMEe CIPYIMIIPOBAHHBIE TOYKH, OTBEUYAIOIIHE A~
paMeTpaM JIeTeKTUPYEMbIX OKpyzKHocTeil. Takum o0pa3oM, 4eM MEHbBIIE PACCTOSHHE MEXKILY
TOYKAMH JIAHHOTO IIOJIMHOXKECTBA 3JIEMEHTOB IIPOCTPAHCTBA IapaMeTPOB, TeM OOJIbIIe BEPOsT-
HOCTb TOI'O, YTO JAHHOE MOAMHOXKECTBO OTBEYAET HEKOTOPOI OKPYKHOCTH Ha M300ParKeHNN.

Paccmorpum jiBe rpanmdnbie TO9KN {q;, p; } 1 {q;, p;}. Beenem aia paccmaTpupaeMoil naphr
TOYEeK BeCOBOI KO3 DUIMEHT KauecTBa KaK

1 —||pi — ;13
wij = Cexp( 7"?

0 nHade,

|llPi—Pjll2 .
), ecam o <

rae C' — HOPMUPOBOYHBIN KOI(MDPUINEHT, a t), — IOCTOsTHHAsI, OTBEYAIOININE 3a IOIYCTUMbBIE
nckazkerust (popMbl okpy2kHocreit. [Ipu paccrosnun ||p; — Pj || >t BRIIAJ j-it TOUKY B stueiiky
AKKYMYJISITOpa, OTBEYAIONLYIO TIapaMeTpaM P;, OYJIeT HYJIEBbIM. JTO COOTBETCTBYET IIPEJIITOJIO-
JKEHUIO, UTO TPU OOJIBIMX PACCTOSHUAX MEXK/Iy HapaMeTpaMu T'PAHUIHBIX TOUEK BEPOATHOCTD
UX TIPUHAJJIEXKHOCTH OJIHON U TOM Ke OKPY2KHOCTU MUHUMAJIbHHA.

[Tpu nansom dukcuposarnoM i u npu j € {1,..,m},j # i, pacCUNTHIBAIOTCS BECOBbBIE KO-
3¢ dunmenTs w;;, CyMMUPYIOTCSL CO 3HAUEHHEM aKKyMyisTopa Q B Touxe (x;,y;)"

Qzi, yi) = Z Wig,

j=1,j#i

U 3HAYEHNUE § yBEJMINBACTCS Ha CIMHUILY, T.€. AJTOPUTM MEPEXOIUT K PACCMOTPEeHUo (1 + 1)-if
ToukH. Takum 06pa3oM, Bce TOUKU UHTEPECA, KPOMe i-if BHOCAT CBOIO TIOIPABKY B 3HAYEHUE I~
MEHTa AKKYMYJIATOPA, COOTBETCTBYIOIIETO -if TOUKE, T. €. IPOUCXO/IUT ITapHOe TojIocoBanue. [Ba
JIOKAJIBHBIX MAKCUMyMa (dalle o/[iH, HO 6oJIee PA3MBITHIi) JIByMEPHOIO MaCCUBa-aKKyMYJISITOPa
COOTBETCTBYIOT HAnbO0JIee BEPOATHBIM ITOJIOZKEHUAM TEHTPOB 3padka u payKku. Hanbosiee BbI-

pazKeHHBIT MakcumyM (27, y7) = argmaxQ(x, y) cooTBeTCTBYET MEHTPY HAMOOJIee BIPAKEHHO
()
rpaHuibl pajayKku. Jljis onpeenenust pajuyca cTpoutcs rucrorpamma H(r) paccrosHuii ot

¢; = (x7},yy) 10 rpaHUYHBIX TOYEK U3 MHOXKecTBa G
H(r)={q:q=(z,y) € G,|lg—qi]| € (r = 05,7+ 0,5)}.

st yerpanenus 1myma KasKAbIi cTOJIOEl IMCTOrpaMMbl HOPDMUPYETC Ha €ro HOMep, T. €.
Ha paJyc
H(r
Vr — H(r) = ( ),

r

U JIJIs TOJIy I€HHON IHCTOrPaMMBbl IIPUMEHSIETCS CIVIAYKUBAHKE TIPH IOMOIIU OJJHOMEPHOTO K-
Omkenus rayccuana exp(—x?/(20?)) co cpennexBaapaTHaHbM oTKaoHeHuem o = 10,0. Maxk-
CHUMYM THCTOTPAMMBI COOTBETCTBYET UCKOMOMY pajmycy 7 (puc. 4).
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(a) Ucxonnast rucrorpaMmma pacCTOsSHUI (6) T'ucrorpamma paccTosiHUN ¢ UCKIIIOYEHHBIME CTOJIO-
amMu

Puc. 4 Bua rucrorpaMm paccTosHUil OT HalJIEHHBIX IIEHTPOB JI0 TPAHUYIHBIX TOYEK

5.3 Illar 3: Ilouck BTOpOii TpaHUIIbI PALY>KKH

st mouckKa BTOPOI I'PaHUIIbI UCIIOJIb3YIOTCs IIPe/IeIbHbIE COOTHOIIEHNST MEXKTY PanycaMu
pajLyzKHOI 000JIOUKH 1 3padKa, MOJIyYeHHbIe HA OCHOBAHUN CTATUCTUIECKUX JIAHHBLIX [4]:

1
TP>§7’I; (4)
3
T < 7 (5)
rp > \/(fl —zp)?+ (y1 —yp)?. (6)

rje (21, Y1) — KOODAMHATHI IIEHTPA BHEIIHEH I'PDAHUIIBI DAY KKH; 17 — ee pauyc; (o1, yr) u 1 —
AHAJIOTMIHbIE TTApaMeTphl BHEIHeil rpaHuilbl 3padka. HepaserncrBo (4) o3Hadaer, 9To pajiu-
YC PaJIy?KHOII 000JIOYKH He MOXKET MPEBOCXOJHUTH paJimyc 3padka Gosee dem B 7 pas. Hepa-
BeHCTBO (D) BBOAUT OrpaHUYEHHE C JPYrOil CTOPOHBL PaJMyC 3padka HE MOXKET JOCTHIATh
75% pamnyca pasayxku. Hepasencrso (6) yTBep:Kuaer, UTO IEHTD PaJly’KKU JIEKUT BHYTPU
3padKa.

Taxum obpazom, /st ydeTa ciydasd HEKOHIICHTPUYECKHX I'paHull u3 maccuBa P uckioua-
I0TCSI BCe TOYKH, COOTBETCTBYIOIIHE TUIIOTETHIECKIM OKDPYZKHOCTSIM C IEHTpaMU BHE Haii/leH-
HOI, U MPOIEe/lypa HapHOTO TOJIOCOBAHUS IIOBTOPSIETCs CHOBA, JIJIsl MOJTyYeHHOro Maccusa. Jljis
HAliJICHHOT0 TeHTpa (3, 15) CTPONTCS IHCTOrpaMMa DACCTOSHHH 10 TPAHHYHBIX Touek H (1),
3Ha4eHust KoTopoil mist croabros r € [0; (1/7)rf] U [(3/4)rF; (4/3)r]] sanynsaiorcs B cooTBer-
crBun ¢ ycaoBusMu (4)—(6), 9T0ObI MCKIIOUUTH BO3MOXKHOCTH ITOBTOPHOTO JIETEKTUPOBAHUS
y2Ke HaifijieHHoi rpanuipl. [loydennas rucrorpaMmMa HOPMEDYETCS Ha, 7 U CIUIAZKIBAETCST TayC-
cranonM. Amasormano MakenmyM H (1) cooTBeTcTByeT HCKOMOMY pammycy 75 (puc. 5).

6 BbiuncnnrtenbHbiii akcnepnmeHT

[es1bIo0 BLIMUCIUTEILHOIO SKCIEPUMEHTa SABJISETC IPOBEPKa pabOThl aJIOPUTMa Ha pe-
aJbHBIX U300parkeHusx rias. st TecrupoBanms IpeajiaraeMoro ajJropuTMa UCHOIb30BAINCH
n306pazkenus a3 paspernenneM 640 x 480 Touek n3 6a3b1 n306pazkennii paykun CASIA-2 (9]
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(a) (6) (6)

Puc. 5 [Ipumepsr paboThl aJropurmMa

B KostmdecTBe 2335 mT. [lj1g KaxKa0ro BXOTHOTO M300paKEHUsT SKCIIEPTOM ObLINA OIIPEIe/ICHbI
TOYHbBIE KOOP/IMHATHI MEHTPOB 3padKa U PaJLy?KHON 0DOJIOUKH, a TaKyKe UX COOTBETCTBYIOIIUE
PaJIIyChI, 1 IOMeIIeHbl B aila pazmeTku. B skcniepuMenTe UCIOIb30BAJICH TTIEPCOHATBHBIN KOM-
npioTep ¢ mporeccopoM Inter Core i5-2450M ¢ wacrtoroit 2,5 I'T'n, 4 I'B onepatusnoil mamsTu.

st Kaxk1oro n3006pazkeHus 10 JIAHHBIM, Pa3MEYeHHBIM SKCIIEPTOM, ObLIM pacCIYNTaHbI Be-
JITYUHBI aOCOJTIOTHOM U OTHOCUTEILHON OmMUOKU. Pe3ynbrarThl 9KCIEpUMEHTa JIJIsd PA3TMIHBIX
BEJIMYUH KOHCTAHTHI t). MPEJICTABIEHBI B TAOJIUIIE.

Pacmpenenenne oTrHOCHTE/BHON OMMOKK OINpEIE/ICHUA TPAHUI, Pa-
JYXKKW B 3aBUCHUMOCTH OT TapameTpa ti.

CymmapHast OTHOCHTE/IbHAsT OMuOKa
te | €e<5% | e<10% | e< 15% e < 20%
0,01 | 34,1% 58,4% 70,8% 75,2%
0,02 | 35,0% 59,5% 72,9% 75,8%
0,03 | 35,3% 59,7% 73,1% 76,3%
0,04 | 37,5% 66,1% 73,4% 76,8%
0,05 | 38,1% 67,3% 70,3% 74,6%
CymMmMapHasi OTHOCUTEIbHAS OMMOKA OMPEIe/IeHIs eHTPOB
te | ec <5% | ec <10% | ec < 15% ec < 20%
0,01 | 69,7% 77,3% 85,1% 89,9%
0,02 | 72,5% 79,9% 86,1% 90,3%
0,03 | 74,1% 82,0% 86,7% 90,8%
0,04 | 74,3% 82,9% 87,0% 91,0%
0,05 | 73,3% 80,7% 84,1% 90,3%

Ha ocnoBanmuu mo/ty4eHHBIX PE3Y/IbTATOB MOXKHO CJIEJIATH BBIBO/I, YTO ONTUMAJIHLHBIM 3HAYE-
nueM ty. gaigercd 0,04. [Ipu namroM 3HavdeHnn OBLIO TPOBEIEHO CpaBHEHNE JTAHHOTO aJrOPUTMA
¢ HanboJiee BJIM3KUM K HEMY MeToJIoM [4], Takzke ocHOBaHHBIM Ha npeobpasoBanuu Xada, B KO-
TOPOM IIOMCK IIEHTpa IVIa3a OCYIIECTBJISJICS IPU IIOMOIIMU T'OJIOCOBAHUS BJIOJIb HAIPABJIEHUS
AHTHUTPAIMEHTOB SIPKOCTH B I'PAHUYHBIX TOYKaX (puc. 6).

[Ipu npoBeieHNN BEIYUCIUTETHLHOTO SKCIEPUMEHTa ObLIN BbIsABJIEHBI HEKOTOPBIE HEJIOCTATKI
[peJIaraeMoro Merojia. Bo-mepBbix, Ipu 0T6ope map TOYeK, YIOBIETBOPAIONIUX yeaoBusaM (1)—
(3), BOBHHKAIOT Hapbl, OJJHA U3 TOYEK KOTOPBIX IPUHAJICIKAT BHEITHEH I'DAHUIE DPaJLyKKH,
a BTOpass — BHyTpeHHel. Takum obpaszoM, IpejriojiaraeMblil IEHTP CMeIaeTcs OT JeificTBU-
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Puc. 6 Pacupeenerne OTHOCUTEIBHON OIMMMOKN OIpeIeeHnsT IIEHTPOB

TeJILHOIO IEHTpa TJla3a, W B HIPOIEAypPe T'OJOCOBAHUS TAKHe TOYKU ITOPOIl MOPOXKIAIOT «IIO-
OOYHBII» MaKCHMyM, B YaCTHOCTH, €CJU TPAHUILI PALy?KHOH 000J0YKH C€1ab0 BBIIEIEHDI.
[Ipumep TOpOXKIEHUST TTOOOYHOIO MaKCHUMyMa IpHUBEJEH Ha Puc. 7. Bo-BTOpPBIX, HEKOPPEKT-
Hag paboTa aJropuTMa BO3MOXKHA B CIydae HU3KOKOHTPACTHBIX U300pasKeHUil u/Ujm CUIbHO
OPUKPBITHIX Bekamu a3 (puc. 8). Hakorer, cam meton Beiaenenus rparur Kosnum He Beerma
TOYHO BBIJEJsIeT IPAHUIBI PAIy>KHOI 0DO0TOYKH, OCOOEHHO B CIydae OTCYTCTBUS KOHTPACTA
MEXKJIy Pajly?kKKoil ¥ O€JIKOM TJIa3HOTO s0JI0Ka. YMEHBIIEHHE YK€ BeJIUYIUHBI JIAHHOTO II0pora
[IPUBOIUT K BO3PACTAHUIO BPEMEHHU ITapHOIO T'OJJOCOBAHUSA W K CHUXKEHHUIO TOYHOCTH, TaK KakK
Ha M300parKeHUsIX IIOMHMO PECHUI] U OpOBeil HMPOABJIAIOTCS 0ojiee MeJKHEe ITOOOUHBIE JIeTa Il
1 COOTBETCTBYIOIIME UM TOYKH MHTEpPeca, BJIMSIONNE Ha paclpeIeeHne roJ0COB B aKKyMYy.JIsi-
TOpe.

7 3aknwo4deHuve

[Ipemytoxken anropuTM TOWCKa AIMTPOKCUMUPYIONINX OKPYKHOCTEN JIJIA TPAHUIL PaJLy K-
noit o6os10uku. [IpoBejieH BHIYUCIUTEIBHBIN SKCIIEPUMEHT, MTPOBEPSIONIN PAOOTOCTIOCOOHOCTD
ajropurMa. Pe3ysnbrarhl IpejicTaBieHbl B BUje TaOMUIbl. JIaHHBIT MeToJ TO3BOJIAET 3Ha-
YUTEJIbHO COKPATHTL IepedOp TIPAHUYHBIX TOYEK IIPU OIPEJEeJICHHH IeHTpa METOIOM Xa-
da m ydecTb KadecTBO IMapaMeTPOB C IOMOIIBIO BECOBBIX KOI(MMUIIMEHTOB IIPU TI'0JIOCOBa-
Hun B akkymysdrope. OJiHaKO JAHHBI METOJ He BCErjia KOPPEKTHO paboTaeT, MOCKOJIbKY
YCJIOBUIO aHTUKOJ/IMHEAPHOCTU BEKTOPOB T'PAIMEHTOB SPKOCTH, HUCIOJIb3yeMOMY Ipu OTOO-
pe TOYeK U OIPE/IeJIEHUI0 NTapaMeTPOB T'UIIOTeTUYECKUX OKPYKHOCTElN, YJIOBJAETBOPSIOT TaK-
K€ U Tapbl, TPUHAJJIEYKAIAE PAa3HBIM T'PAHUIAM Pajly?KHOM OOOJOYKH, YTO BHOCHT CY-
IECTBEHHYIO OIMUOKY B paboTy ajropuTMa B ciydae HeYeTKUX TI'paHull. JlaHHBIT MeTom
MOXKET OBITh MCIIOJIb30BAH IPU HEPBUIHON CEIMEHTAIIUN PAJIYZKKHU I MTOCTSIYIONIEro yTod-
HEeHUs ee TPAHUI], OJIHaKO NPUMEHEHUE MeToJa TpedyeT KOHTPOJIsI U KOPPEKIUU pe3y/ibTa-
TOB.
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Circular object detection is one of the challenging problems of modern computer vision systems.
In this study, to search for circular representations of inner and outer boundaries of the iris,
a method of paired gradients is used which is a modification of the Hough methodology. Image is
processed with Canny filter and from the resulting boundaries, pairs of pixels are selected which
have high probability to belong to one circle. Selection criteria and probability coefficients of
likelihood are introduced for reduction of number of these pairs. The Hough transform uses two
accumulators: the two-dimensional isomorphic to the original image in which voting is done
by centers of segments defined by pixel pairs and one-dimensional histogram of the diameters
where lengths of these segments are collected. Computational experiment is performed to check
the efficiency of the algorithm on data from the public iris image databases and to compare
the proposed method of paired gradients to the resembling antigradient voting method, which
is also based on the Hough methodology and used for the eye center search. Drawbacks of
the algorithm that may cause incorrect handling of some of the input images are identified.
Further analysis of the proposed algorithm and increasing its stability are required.

Keywords: paired gradients method; computer vision; circular object detection; circular Hough
transform
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